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DEFINITIONS AND ABBREVIATIONS 
Abbreviation Unit Description 
a m Crack length 
AC - Advisory Circular 
AMC - Acceptable means of compliance 
ATA - Air Transport Association of America 
BSR - Bearing stress ratio 
CA - Constant amplitude 
CRAC2D - 2-D crack tip element in NASTRAN 
da/dN m/cycle Crack growth rate 
DSG - Design service goal 
DT - Damage tolerance 
DVI - Detailed visual inspection 
E MPa Young’s modulus 
ESG - Extended service goal 
FAA - Federal Aviation Administration 
FAR - Federal Aviation Regulation 
FE - Finite element 
FEM - Finite element method 
GVI - General visual inspection 
Hp m Pressure altitude 
ISA - International Standard Atmosphere 
JSSG – 2006 - Joint Service Specification Guide 2006 
K MPa√m Stress intensity factor 
Kop MPa√m Opening stress intensity factor 
LL - Limit load 
LOV - Limit of validity 
m kg Airplane mass 
MED - Multiple element damage 
MSD - Multiple side damage 
MSG-3 - Maintenance Steering Group 3 
NDT - Non-destructive testing 
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PoD - Probability of detection 
PSE - Principal structural element 
R 1 Stress ratio 
rpm m Monotonic plastic zone size 
rpr m Reverse plastic zone size 
SMP - Structure modification point 
SOLR - Shutoff overload ratio 
SSI - Significant structural item 
TAS km/h True air speed 
TP mm Thickness of the panel 
TS mm Thickness of the stringer 
TSR - Tensile stress ratio 
TWIST - Transport airplane wing standardized load 
program 
u m X-direction displacement 
U(R) 1 Elber’s crack closure ratio 
USAF - U. S. Air Force 
v m Y-direction displacement 
VA - Variable amplitude 
VZLÚ - Výzkumný a zkušení letecký ústav (Aerospace 
Research and Test Establishment) 
w m Z-direction displacement 
WFD - Widespread fatigue damage 
α 1 Constraint factor 
β 1 Beta function (also termed shape or correction 
function) 
γ 1 Wheeler’s retardation parameter 
∆A m2 Free crack surface increase 
∆K MPa√m Stress intensity factor range 
∆Keff MPa√m Effective stress intensity factor range 
∆Kth MPa√m Threshold stress intensity factor 
∆U J Strain energy release 
μ 1 Poisson’s ratio 
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ρ m Length of monotonic plastic zone 
σ MPa Normal stress 
σ0 MPa Flow stress 
σcj MPa Contact stress of the j-th element 
τ MPa Shear stress 
ω m Length of reverse plastic zone 
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This master’s thesis is mostly based on the author’s work in Aircraft 
Industries, the L 410 commuter airplane manufacturer. It is based on a real 
need to perform a state-of-the-art damage tolerance analysis which arose when 
the task of the development of the aircraft’s new version, L 410 NG, 
had been set. 
In the first part basic terms related to damage tolerance are introduced. 
Subsequently, regulatory background is discussed both in terms of airworthiness 
standard and other documents which are widely used and are accepted as 
acceptable means of compliance by authorities. 
Next, theoretical instruments of fracture mechanics are presented to provide 
a solid background for the damage tolerance analysis itself. Great concern is 
given to crack propagation prediction methods, especially crack closure and load 
interaction models, namely FASTRAN strip yield model which is also used for 
calculations. 
In the next Chapter the methodology which is employed for DT evaluation is 
closely described. This methodology presents in general an industry renowned 
practice of damage tolerance evaluation. Crack propagation scenarios are also 
established in this Chapter. 
The fifth Chapter deals with calculation of crack propagation under simple 
variable amplitude load histories both without load interactions and with 
FASTRAN model. The results are compared with each other to form an idea 
about crack growth response to overload and underload cycles. Furthermore, a 
comparison to experimental data was carried out for 7475-T7351 alloy for eight 
different VA load histories. 
Results of crack propagation calculation and residual strength determination 
are summarized in the sixth Chapter. Last but not least, the inspection 
programme, which is an integral part of damage tolerance analyses, is stipulated 
in the seventh Chapter. 
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1. 1 General description of the airplane 
The L 410 is an unpressurized all-metal high wing commuter designed for 
operations from both paved and unpaved airfields. The aircraft first flew in 1969 
and several modifications have been introduced since then; the latest version 
which is currently in production is L 410 UVP-E20. More than 1100 airframes 
were produced with approximately 500 of them still remaining in service. 
 
 
Fig 1. The L 410 UVP-E9 aircraft (photo by the author) 
 
The new version, L 410 NG, is designed to exceed its predecessors in terms of 
higher payload, greater range, cruising speed and service life. The wing 
structure of the airplane is a completely new design. The most significant 
changes are: 
• the original built-up structure is largely replaced by machined integral 
parts, e. g. integrally stiffened panels or wing spars consisting of large 
integral parts 
• the wing is a semi-monocoque structure (by contrast to the original 
built-up wing where the axial load was mostly transferred by spar 
caps) 
• integral fuel tanks are introduced instead of the original bladder tanks 
resulting in a significant increase in their capacity 
A brief comparison of L 410 UVP-E20 and L 410 NG is presented in the 




Tab 1. Comparison of L 410 NG and L 410 UVP-E20 
 
Airplane: L 410 NG L 410 UVP-E20
Crew / passengers / payload 2 / 19 / 2 200 kg 2 / 19 / 1 800 kg
Aircraft length 15,02 m 14,42 m
Wingspan 19,48 m 19,98 m
Empty weight 4 200 kg 4 200 kg
Maximum take-off weight 7 000 kg 6 600 kg
Engines two GE H-80-200 M601E or GE H-80-200
Propellers Avia 725 five-blade Avia 725 five-blade
Maximum speed (TAS) 412 km/h 398 km/h
Maximum range (ISA, 45 min res.) 2 840 km 1 520 km
Service life [flight hours] at least 30 000 20 000  
 




Fig 2. Three-view drawing of the L 410 NG airplane [8] 
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1. 2 Definition of the solved problem 
The location of interest is a part of the bottom wing integrally stiffened 
panel. This part of the panel is situated between sections 103 and 104 of the 
wing in a so called wing regular zone where no fittings, joints or cut-outs are 
present. Wing-fuselage attachments are located in the section 103. The whole 
situation is illustrated in the pictures below. 
 
Fig 3. The location of interest 
 
 
Fig 4. The location of interest 
 
This part of the panel was chosen since it is a location with the highest 




The panel is integrally stiffened by stringers. The thickness of the panel 
between sections 103 and 104 varies between 3 millimetres and 4,5 millimetres 
in the chord wise direction. The thickness of the stringers varies between 4 and 
6 millimetres. The width of the panel between the concerned sections is 








1. 3 Fatigue evaluation approaches 
First of all, a brief characteristic of two different approaches how to treat an 
airplane structure in terms of fatigue damage (i.e. safe-life and damage 
tolerance) is introduced: 
 
• Safe-life structure is such a structure whose failure leading to a 
catastrophic event is extremely improbable during its service life. This 
implies that the airplane has to be withdrawn from use (or the critical 
part has to be changed) after reaching the end of its safe service life. 
For design assumptions, the safe-life structure is required to retain its 
ultimate load bearing capacity throughout its whole service life. 
• Damage tolerance is an attribute of the structure which permits to 
retain the required residual strength in case of presence of a fatigue, 
corrosion, accidental or discrete source damage until the damage is 
discovered by prescribed inspections. 
At design or certification stage, a so called Design Service Goal 
(DSG) is however established. It is a period of time during which the 
airplane structure is reasonably free from significant cracking. 
In case the inspection and modification program is followed properly, 
the damage tolerant structure can be operated up to reaching its 
Limit of Validity (LOV). This results in a significant elongation of 
the aircraft’s life. Except for the obvious damage, the required level of 
residual strength for calculations is equal to limit load. 
 
Airbus A300-B2 Damage tolerant structure






















































Fig 6. An example of a damage tolerant airplane (photo by the author) 
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Fig 7. An example of a safe-life airplane (photo by the author) 
1. 4 Major terms in fatigue and damage tolerance 
The two basic design approaches are described above. In addition to them, 
there are many broadly used terms. These are defined in ACs [2] and [3] and 
represent widely acknowledged definitions: 
• Single load path – describes structure, the applied loads of which 
are eventually distributed through a single structural member, the 
failure of which would result in the loss of the structural capability to 
carry the applied loads 
• Multiple load path - Applies to structure, the applied loads of 
which are distributed through redundant structural members, so that 
the failure of a single structural member does not result in the loss of 
structural capability to carry the applied loads 
 
Multiple load path structure Single load path structure
 
Fig 8. Multiple and single load path structure 
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• Fail-safe – the attribute of structure that permits it to retain required 
residual strength for a period of unrepaired use after the failure or 
partial failure of a principal structural element (typical inherent 
property of a multiple load path structure) 
• Design service goal (DSG) – the period of time (in flight cycles, 
fight hours, or both) established at design and/or certification during 
which the airplane structure is reasonably free from significant 
cracking 
• Widespread fatigue damage (WFD) – the simultaneous presence 
of cracks at multiple structural locations that are of sufficient size and 
density such that the structure will no longer meet the residual 
strength requirements. There are generally two sources of WFD: 
o Multiple side damage (MSD) – simultaneous presence of 
fatigue cracks in the same structural element 
o Multiple element damage (MED) – simultaneous presence 
of fatigue cracks in adjacent structural elements (in this context 




Fig 9. Local damage vs. MSD/MED [26] 
 
• Limit of validity (LOV) (of the engineering data) – the period 
of time (in flight cycles, flight hours, or both), up to which it has been 
demonstrated by test evidence, analysis and, if available, service 
experience and teardown inspection results, that widespread fatigue 
damage will not occur in the airplane structure 
The airplane must not be operated after reaching the Limit of 
Validity. The LOV can be theoretically extended; economic viability of 
such action is however questionable (additional full-scale fatigue test is 
usually required). 
• Extended service goal (ESG) is an adjustment to the design 
service goal established by service experience, analysis, and/or test 
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during which the structure will be reasonably free from significant 
cracking and widespread fatigue damage is not expected to occur. 
• Structure modification point (SMP) – the point when a 
structural area must be modified to preclude WFD 
• Principal structural element (PSE) – an element that contributes 
significantly to the carrying of flight, ground and pressurization loads, 
and whose integrity is essential in maintaining the overall structural 
integrity of the airplane 
• Significant structural element (SSI) is a selected PSE or a part of 
PSE for which inspections are required after completion of analyses 
 
PSE - the whole 
circumferential 
joint
SSI - the upper 
part only
 





2  REGULATORY BACKGROUND 
The main purpose of this part is to illustrate the scope of requirements 
imposed on airframe structures. It shall give an insight in the situation so that 
the methods of calculation described further in the thesis can be clearly 
comprehended in terms of their relations to these requirements. 
The L 410 NG airplane is certified under FAR 23 airworthiness standard. In 
the first Subchapter the airworthiness standard requirements are introduced. 
The standard presents a precept of law which is binding for an applicant 
seeking certification. 
It is however a well-known fact that the demands of the standard are 
specified in a very general way. Therefore, more detailed sources of data, which 
describe the acceptable means of compliance (AMC), are also issued in 
order to support setting up the methodology of the evaluation. As far as the 
fatigue and DT evaluation is concerned, FAA Advisory Circular AC23-13A and 
AC 25.271-1D, which are dealt with in the second Subchapter, are of the 
greatest importance. 
 Furthermore, there are several generally recognized sources of data related 
to the methodology, materials and inspection methods. These are described in 
the following three Subchapters. 
2. 1 Airworthiness standard 
In general, the requirements for fatigue and damage tolerance evaluation are 
summarized in several paragraphs in Chapter “Fatigue Evaluation” (§ 23.571 -
575). The choice of evaluation approach as per FAR 23 can be seen below. 
YES Damage Tolerance Evaluation
§ 23.573 (a), § 23.575
Damage Tolerance Evaluation
§ 23.574 (a), § 23.575
If DT approach is substantiated to be impractical,
Safe-Life may be used: § 23.574, § 23.575
Safe-Life evaluation
§ 23.571(a), § 23.572(a)(1), § 23.575
NO Fail-Safe Evaluation
§ 23.571(b), § 23.572(a)(2), § 23.575
Damage Tolerance Evaluation
§ 23.571(c), § 23.572(a)(3), § 23.573(b)§ 23.575
YES
Is your structure 
constructed of composite 
materials ?
NO
Are you seeking 




Fig 11. The choice of evaluation approach as per FAR 23 [2] 
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 As regards commuter category airplanes, the following paragraphs are 
applicable: 
 
• § 23.574 presents general requirements imposed on commuter 
category airplanes  
• § 23.573 deals in a detailed manner with damage tolerance 
evaluation 
• § 23.575 describes requirements on inspection program 
 
§ 23.574   Metallic damage tolerance and fatigue evaluation of commuter 
category airplanes 
 
For commuter category airplanes: 
 
(a) Metallic damage tolerance. An evaluation of the strength, detail 
design, and fabrication must show that catastrophic failure due to fatigue, 
corrosion, defects, or damage will be avoided throughout the operational life of 
the airplane. This evaluation must be conducted in accordance with the 
provisions of § 23.573, except as specified in paragraph (b) of this section, for 
each part of the structure that could contribute to a catastrophic failure. 
(b) Fatigue (safe-life) evaluation. Compliance with the damage 
tolerance requirements of paragraph (a) of this section is not required if the 
applicant establishes that the application of those requirements is impractical 
for a particular structure. This structure must be shown, by analysis supported 
by test evidence, to be able to withstand the repeated loads of variable 
magnitude expected during its service life without detectable cracks. 
Appropriate safe-life scatter factors must be applied. 
 
As shown in the paragraphs above, § 23.574(b) refers to § 23.573(b): 
 
§ 23.573   Damage tolerance and fatigue evaluation of structure. 
 
(a) Composite airframe structure.  
- Not applicable for L 410 NG - 
(b) Metallic airframe structure. If the applicant elects to use § 23.571(c) 
or § 23.572(a)(3), then the damage tolerance evaluation must include a 
determination of the probable locations and modes of damage due to fatigue, 
corrosion, or accidental damage. Damage at multiple sites due to fatigue must 
be included where the design is such that this type of damage can be expected 
to occur. The evaluation must incorporate repeated load and static analyses 
supported by test evidence. The extent of damage for residual strength 
evaluation at any time within the operational life of the airplane must be 
consistent with the initial detectability and subsequent growth under repeated 
loads. The residual strength evaluation must show that the remaining structure 
is able to withstand critical limit flight loads, considered as ultimate, with the 
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extent of detectable damage consistent with the results of the damage tolerance 
evaluations.  
 
§ 23.575   Inspections and other procedures 
 
Each inspection or other procedure, based on an evaluation required by 
§§ 23.571, 23.572, 23.573 or 23.574, must be established to prevent catastrophic 
failure and must be included in the Limitations Section of the Instructions for 
Continued Airworthiness required by § 23.1529. 
2. 2 Related Advisory Circulars 
2. 2. 1 AC 23-13A 
This Advisory Circular provides information and guidance concerning 
acceptable means, but not the only means, of compliance with FAR 23. This 
guidance is applicable to fatigue, fail-safe, and damage tolerance evaluations of 
metallic structure in normal, utility, acrobatic, and commuter category 
airplanes. This AC provides information on approval of continued operational 
flight with known cracks in the structure of small airplanes, regardless of their 
certification basis. This AC also clarifies the use of AC 20-128A in the 
evaluation of rotor burst structural hazards in small airplanes. Material in this 
AC is neither mandatory nor regulatory in nature and does not constitute a 
regulation. 
 
AC 23-13A consists of the following parts: 
• Small airplane fatigue regulations – the basic requirements are 
summarized in this part, introduction of basic terms 
• Safe – life fatigue evaluation – introduces basic means of 
determining safe life of a structure  
• Fail-safe design – describes basic requirements on fail-safe structures 
• Damage tolerance evaluation – this part refers to AC 25-571-1D. 
It also introduces the basic difference between Part 23 and Part 25 
regulations  - except for rotor burst, no discrete source damage for 
Part 23 airplanes is required 
• Rotor burst requirements – description of the industry practice of 
rotor burst considerations 
• Flights with known cracks – policy for flights with known cracks 
2. 2. 2 AC 25.571-1D 
This advisory circular (AC) provides guidance for compliance with the 
provisions of Part 25, pertaining to the requirements for damage-tolerance and 
fatigue evaluation of transport category aircraft structure, including evaluation 
of widespread fatigue damage (WFD) and establishing a limit of validity of the 
engineering data that supports the structural-maintenance program (hereafter 
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referred to as the LOV). This AC also includes guidance pertaining to discrete 
source damage. 
It provides guidance for Part 23 airplanes in case the damage tolerance 
approach is adopted. 
2. 3 JSSG-2006 (Joint Service Specification Guide 2006) 
This guide establishes the joint structural performance and verification 
requirements for the airframe. 
The main use of this document in the L 410 NG development is for purpose 
of determining the initial flaw (primary) sizes and secondary flaw sizes 
in a DT analysis. It also concerns the question of choice of an appropriate 
location on a structural element for the damage tolerance analysis.  
The above mentioned matters are mostly discussed in Part A.3.12.1 “Flaw 
sizes”. 
Initial (primary) flaws are assumed to exist in the aircraft from the time 
of manufacture. These flaws, along with their subsequent growth under flight 
conditions, will establish the initial inspection times for the aircraft based on 
crack growth. The initial flaws are assumed to exist at holes, edges of cut-outs, 
or edges of parts and exists at the most unfavourable location and orientation 
with respect to the applied stresses and material properties. 
There are different sizes for hole / edge locations and surface locations. This 
is illustrated in the pictures below. 
 
Fig 12.  Initial flaw sizes for hole / edge locations 
 




Only a single primary flaw will be assumed to exist in the most critical 
hole at each location which is analysed. However, in those cases where 
manufacturing operations exist such that a common flaw could exist in 
more than one element (common drilled holes), then a primary flaw will be 
assumed to exist in each element. If however, a common hole is drilled 
through multiple lug fittings and then each hole is individually dressed, as with 
a bushing, then only one element will be assumed to contain the initial flaw. 
Besides the flaw assumed in the most critical hole, JSSG-2006 also 
recommends assuming one flaw at other location than the most critical hole. 
 
Tab 2. Initial (primary) flaw sizes [8] 
Flaw Location Flaw Shape Thickness t [mm] ci  [mm] ai [mm]
Hole/Edge Part Through > 1,270 1,270 1,270
Hole/Edge Through ≤ 1,270 1,270 t
Surface Part Through > 3,175 3,175 3,175
Surface Through ≤ 3,175 3,175 t  
 
Secondary flaws will be assumed to grow independently of the primary flaw 
up to the point that the primary flaw induces a failure. During the time which 
it takes a primary flaw to grow from a fastener hole to the edge of the part 
(ligament failure), a secondary flaw will be assumed to be growing opposite the 
primary flaw. At failure of the ligament, the continuing damage will include the 
growth of the secondary crack. The size of the quarter-circular secondary flaw is 
equal to 0,127 mm (= 0,005 in). 
2. 4 MSG-3 
MSG-3 stands for Maintenance Steering Group 3 which is incorporated in Air 
Transport Association of America (ATA). MSG-3 is a body which is in charge 
of setting maintenance standards of airplanes. 
MSG-3 also created an industry renowned standard for determining 
detectable flaw size of a crack in an arbitrary location. There are two 
possibilities of inspection as far as the MSG-3 methodology instruments are 
concerned: 
 
• General visual inspection – GVI 
• Detailed visual inspection – DVI 
 
Note: The MSG-3 methodology does not involve non-visual NDT methods. 
 
It accounts for the following parameters: 
 
• Access to the location 
• Congestion of the area 
• Size of the location 
• Light conditions 
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• State of the surface (clean/dirty) 
• Thickness of the part 
• Position of the part (at the edge / not at the edge) 
• Hidden length of the crack, e.g. under rivet hole etc. 
2
CONGESTED [  ] 1
MODERATE CONGESTED [  ] 2
CLEAR [  ] 3 3
CONGESTED [  ] 2
MODERATE CONGESTED [  ] 3
CLEAR [  ] 4 4
CONGESTED [  ] 3
MODERATE CONGESTED [  ] 4





CLEAR - UNRESTRICTED ACCESS, 






GO TO A HIGHER INSPECTION 
LEVEL
CONGESTION RATING
 NO ACCESS - HIDDEN ITEM OR 
DISTANCE GREATER THAN 3 
METERS
POOR - WHEN THE DISTANCE IS 
1,5 TO 3 METERS
MODERATE - WHEN THE 





GENERAL VISUAL INSPECTION - GVI [   ] DETAILED VISUAL INSPECTION - DET [   ]
1
DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
DIRTY - AREA COVERED BY 





DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
LIGHTING RATING SURFACE RATING
EXTERIOR OF A/C IN 
SHADOW (E. G. LANDING 
GEAR BAY)
EXTERIOR OF A/C IN FULL 
DAYLIGHT, INSIDE A/C 
WITH ARTIFICIAL LIGHTING
1 2 3 4
1 295 205 145 100
2 205 100 70 50
3 145 70 35 22
4 100 50 15 10















CONDITION RATINGBASIC DETECTABLE 
LENGTH LBAS [mm]
1 2 3 4 5
LARGE AREA 1 1 1 2 2 3
MEDIUM AREA, 
LARGE FITTING
2 1 2 2 3 3
MEDIUM SIZE 
FITTING
3 1 2 3 4 4
SMALL AREA 
FITTING




T < 5 mm 1,00 EDGE 0,5
x 5 mm ≤ T  ≤ 10 mm 1,25 x - - = + =
T > 10 mm 1,50 NOT EDGE 1,0
















Fig 14. Typical MSG-3 logic sheet (prepared by the author, based on [5]) 
2. 5 Material data 
This part should provide a brief insight into the available material data 
which were used in the analysis itself. It is not intended to mention detailed 
information about material properties. This is done further down in the thesis. 
There are several sources of data which may be used for the analyses. A few 
of them are listed below: 
 
• Own measurements performed in VZLÚ (Aerospace Research and Test 
Establishment) test tab 
• MMPDS material library 




During the selection of the desired material data it is necessary to keep in 
mind the proper direction in which the material properties are applicable for the 





Fig 15. Directions in a plate of material [14] 
2. 5. 1 Own measurements 
Own measurements were performed for certain materials, among others the 
two aluminium alloys which are dealt with in the analysis: 
 
• 2124-T851 Al-Cu-Mg alloy [10] 
• 7475-T7351 Al-Zn-Cu-Mg alloy [11] 
 
The tests were conducted in accordance with ASTM E 647 and MMPDS 
requirements. 
2. 5. 2 MMPDS 
MMPDS (Metallic Materials design data acceptable to Government 
Procuring or certification agencies) is an accepted source for metallic material 
and fastener system allowables for the Federal Aviation Administration (FAA). 
It covers a wide range of materials such as aluminium alloys, heat-resistant 
nickel and cobalt alloys, various types of steel etc.  
2. 5. 3 USAF Handbook of Damage Tolerant Design 
This USAF Handbook is a vast 3600-page database of crack growth rate data 
(da/dN vs. ∆K plots). It is particularly important due to a great amount of 
crack resistance curves (R-curves) measured for various alloys. These R-curves 
are usually measured for several material thicknesses, material directions, 
temperatures and heat treatments. 
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3 THEORETICAL INSTRUMENTS 
This Chapter introduces some fundamental information about linear elastic 
fracture mechanics which is a basic tool used for damage tolerance evaluation. 
3. 1 Crack geometry 
First of all, it is necessary to understand how the crack length is assumed for 
the calculations. This is illustrated in the picture below. 
The inner crack is always assumed to have a length of 2a whereas the 






Fig 16. Inner crack vs. edge crack 
3. 2 Crack under various loads. Stress intensity factor 
The crack may be loaded in several so-called opening modes, often referred 
to as Mode I, Mode II and Mode III. This can be seen in the figure below. 
 
Fig 17. Crack opening modes – a) Mode I – tensile opening, b) Mode II 
– in-plane shear, c) Mode III – anti-plane shear [4] 
 
The “Mode I” corresponds to crack opening and represents the most 
important mode for practical calculations.  
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The most important instrument for description of stress and strain field is 
the stress intensity factor. It accounts both for type and magnitude of the 
applied load as well as quantitative and qualitative geometric properties. It is 
defined for each mode of crack opening based on stress: 
 퐾퐼 = 푙푖푚푟→0(2휋푟)12  휎푦 (푟, 0) 
퐾퐼퐼 = 푙푖푚푟→0(2휋푟)12  휏푥푦 (푟, 0) 
퐾퐼퐼퐼 = 푙푖푚푟→0(2휋푟)12  휏푦푧 (푟, 0) 
 
The stress and displacement field in the vicinity of the crack under the 
“Mode I” loading is described as follows: 
 
Fig 18. On the calculation of stress and displacement field [4] 
 
a) Stress field (in an arbitrary location as per Fig 18, valid for plane stress 
state) 
 
휎푥(푟, 휃) = 퐾퐼(2휋푟)12 (1 − 푠푖푛
휃2 푠푖푛 3휃2 ) 푐표푠 휃2 
휎푦 (푟, 휃) = 퐾퐼(2휋푟)12 (1 + 푠푖푛
휃2 푠푖푛 3휃2 ) 푐표푠 휃2 
휎푧 (푟, 휃) =0 
휏푥푦 (푟, 휃) = 퐾퐼(2휋푟)12 푠푖푛
휃2 푐표푠 휃2 푐표푠 3휃2  
 
b) Displacement field (in an arbitrary location as per Fig 18, valid for 
plane stress state) 
 
푢(푟, 휃) = 퐾퐼퐺 ( 푟2휋)





푣(푟, 휃) =퐾퐼퐺 ( 푟2휋)
12 [ 21 + 휇 − 푐표푠2 (휃2)] 푠푖푛 휃2 
푤(푟, 휃) = − 2퐸 퐾퐼(2휋푟)12 푧 푐표푠
휃2 
 
The above equations should give an idea about physical meaning of stress 
intensity factor. More details can be found in [4]. 
In practice, however, the stress intensity factor (SIF) is usually presented in 
the following form: 퐾퐼 =  훽휎√휋푎 
 
Where the term σ√(πa) represents stress intensity factor in an infinitely wide 
plate and β is a so-called correction factor, β – function or shape 
function which accounts for the geometric arrangement, type of loading etc. 
Several ways how to obtain the stress intensity factor are reviewed in 
Subchapter 0. 
3. 3 Plastic zone at the crack tip. LEFM validity 
In the previous Chapter the equations for stress field in the vicinity of the 
crack were established. The magnitude of the stress in the y-direction will be 
reviewed now: 
 
휎푦 (푟, 휃) = 퐾퐼(2휋푟)12 (1 + 푠푖푛
휃2 푠푖푛 3휃2 ) 푐표푠 휃2 
 
For an arbitrary distance on the x axis (r = x, θ = 0; see Fig 18 on the 
previous page), the above equation can be rearranged to the following form: 
 
휎푦 (푟, 0) = 퐾퐼(2휋푟)12  
 
The stress distribution along the x-axis can be seen in Fig 19 on the next 
page. Magnitude of stress at the crack tip is theoretically infinite if considering 
the above equation. This fact is however not acceptable for a real material 
which shows yielding after reaching certain stress level. 
The yield stress at the tip is apparently exceeded and a plastic zone therefore 
occurs. The size of the radius of the plastic zone may be estimated accordingly: 
 
푟푝푚 (푝푙푎푛푒 푠푡푟푒푠푠) = 12휋 ( 퐾푅푝0,2)
2    푟푝푚 (푝푙푎푛푒 푠푡푟푎푖푛) = 16휋 ( 퐾푅푝0,2)
2  
 
The plastic zone under plane stress is thus three times larger than that under 
plane strain conditions. This is in accordance with the experimentally verified 
proposal [23] made by Irwin that the yield strength in plane strain conditions is 
approximately 23/4 Rp0,2 = 1,68 Rp0,2. This is closely linked to constraint factor 





Fig 19. Plastic zone at the crack tip [5] 
 
Crack
푟푝푚 = 12휋 ( 퐾푅푝0,2)
2 
푟푝푚 ≅  16휋 ( 퐾푅푝0,2)
2 
 
Fig 20. Plastic zone in a plate of material [6] 
 
It should be noted that the plastic zone at the crack tip is however a sort of 
breach of linear elastic fracture mechanics validity. However, it was found that 
LEFM can be used without a great loss of accuracy on the following condition: 
 푟푝푚 ≪ 훼 
 
(The plastic zone radius is much smaller than the crack length.) 
So far only a so called monotonic (also termed primary) plastic zone 
was discussed. This is a plastic zone that occurs during loading the object. 
However, there is another phenomenon called a reverse (secondary) plastic 
zone which occurs as soon as the object is unloaded again. Reverse plastic zone 
presents a residual compression stress field at the crack tip which is closing the 
crack as a result. Unlike the monotone plastic zone, its size is a function of the 




The size may be estimated based on the following equation: 
푟푝푟 (푝푙푎푛푒 푠푡푟푒푠푠) = 12휋 ( ∆퐾2푅푝0,2)
2    푟푝푟 (푝푙푎푛푒 푠푡푟푎푖푛) = 16휋 ( ∆퐾2푅푝0,2)
2  
 
This phenomenon plays a vital role in prediction of crack propagation. 
3. 4 Analytic and numeric stress intensity factor solutions 
At the end of the previous Subchapter the practical approach of using the β - 
function (also known as shape function or correction function) was established. 
Two ways how to calculate the stress intensity factor (or β-function) are 
introduced in this chapter: 
 
• using analytical solution 
• using finite element method 
3. 4. 1 Analytic solution 
There are many analytical solutions available, the most of them for 
(relatively) simple geometric arrangements. One example can be seen below 
(edge crack in finite plate under uniaxial stress, valid for h/b > 1 and a/b < 
0,6): 
퐾퐼 =  휎√휋푎 [1,12 − 0,23 (푎푏) + 10,60 (푎푏)
2 − 21,70 (푎푏)












Due to the fact that linear elastic fracture mechanics is based on elasticity, 
the effects of more than one type of loading can be simply obtained by summing 
up the stress intensity factors for each type of loading. Nevertheless, the 
individual stress intensity factor solutions have to be associated with the same 
geometry. 





The principle of superposition is illustrated in the pictures below. 
Step 1: Decompose loading so that pin reacts its entire load
퐾퐹 = 퐾퐴 + 퐾퐵  
 
Fig 22. Principle of superposition, pin loaded hole, step 1 [14] 
Step 2: Decompose pin reactive loading 퐾퐴 = 퐾퐵 + 퐾퐷 − 퐾퐸  
 
Fig 23. Principle of superposition, pin loaded hole, step 2 [14] 
 
This method is particularly useful for crack lengths of magnitude of 0,1 to 10 
millimetres where a β-function from FEM model can hardly be obtained and 
would possibly require very detailed and time-consuming modelling. See 
handbook [14] for more details. 
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These methods are incorporated in AFGROW software, which is used for 
crack growth prediction. 
Note: There are also some sources (HSB for instance) for more complex 
aircraft structures such as wing or fuselage panels. 
3. 4. 2 FEM solution 
 
Principles of FEM solution 
 
FEM solution is based on the stress intensity factor calculation either from 
the stress or displacement field. In further calculations, the NASTRAN 
finite element solver is used. It features CRAC2D and CRAC3D element which 
are both based on the method using displacement field. According to various 
tests this method constantly yields the most accurate and consistent results. 
The displacement method is thus now shortly introduced. 
For plane stress condition the following procedure is applied: 
 
The known equation for the y-direction displacement: 
 
푣 = 퐾퐼퐺 ( 푟2휋)
12 [ 21 + 휇 − 푐표푠2 (휃2)] 푠푖푛 휃2 
 
After introducing condition θ = π: 
 
푣(푟, 휋) = 퐾퐼퐺 ( 푟2휋)
12 [ 21 + 휇] 
 
Substituting G = f(E,µ), this equation yields: 
 
퐺 = 퐸2(1 + ) 
 




퐾퐼 = lim푟→0 퐸4 (2휋푟 )
12 푣(푟, 휋) 
 
For plane strain condition a similar equation is obtained by performing 
the same procedure: 
퐾퐼 = lim푟→0 퐸4(1 − 2) (2휋푟 )
12 푣(푟, 휋) 
 
It is obvious, yet worth mentioning, that the two above equations differ by the 
term: 




NASTRAN CRAC2D element 
 
NASTRAN CRAC2D element is used in the analysis. The element is based 
upon a 2-D formulation, but may be used in three dimensional structures. It is 
hence a convenient tool for modelling crack in thin-walled structures such as 
wing or fuselage panels, stiffeners, spar caps and shear webs etc. 
The element is formed by assembling eight six-node triangular elements 
(labelled 1-8). 
However, the element shall be planar. Any deviation from planarity is 
checked and if significant deviations arise, error messages are issued [24]. 
 
 
Fig 24. NASTRAN CRAC2D element [24] 
 
The CRAC2D element also features two different solution modes – one for 
plane stress condition and the second for plane strain condition. The 
appropriate one has to be always selected. 
An investigation of influence of the element size to the stress intensity factor 
solution had been conducted before the damage tolerance analyses were started. 
A simple geometry of the edge crack under uniaxial stress (see Fig 21) was 
chosen. The solution was conducted in MD NASTRAN 2010 for two crack 
lengths (a = 60 mm, a = 120 mm) and four different element sizes (20, 10, 5 
and 2 mm). The results were compared to the below analytical solution: 
 
퐾퐼 =  휎√휋푎 [1,12 − 0,23 (푎푏) + 10,60 (푎푏)
2 − 21,70 (푎푏)
3 + 30,40 (푎푏)
4] 
 
Parameters of the model: 
• Width b = 400 mm, height h = 800 mm 
• Elements: CQUAD quadrilateral element, size of 20, 10, 5 and 2 mm, 
CRAC2D element at crack tip, plane stress condition selected 
• Pre-processor: ANSA 
• Solver: MD NASTRAN 2010 
• Thickness: t = 4 mm 
• Young’s modulus: E = 72 000 MPa 




The results (see Tab 3) show a very good agreement with the analytical 
solution (maximum difference of -1,05 %) for all the assumed element sizes. 
 
Tab 3. Influence of the element size on the SIF solution 
Case a [mm] KI [MPa.√m] a [mm] KI [MPa.√m]
FEM, element size 20 mm 60 25,71 120 47,55
FEM, element size 10 mm 60 25,72 120 47,56
FEM, element size 5 mm 60 25,64 120 47,72
FEM, element size 2 mm 60 25,72 120 47,89
Analytical solution 60 25,84 120 48,06  
 
Energetic method of solution 
 
There is also another method of obtaining of stress intensity factor by means 
of FEM. It is based on an alternate definition of the SIF which uses a global 
approach (strain energy release rate) instead of local approach 
(displacement field method discussed above): 
 
• For plane stress state 
 
퐾 = √퐸 ∆푈∆퐴 
 
• For plane strain state 
 
퐾 = √ 퐸1 − 휇2 ∆푈∆퐴 
 
 
The principle is very simple – a series of FE models with different crack 
lengths are created and calculated. The release of the total strain energy ∆U 
and increase in the free crack area ∆A between two configurations (crack 
lengths) are evaluated and the stress intensity factor values can be obtained. 
This method was widely used in the past where no special crack elements 
had been developed yet. 
The author’s experience is that this approach yields acceptable results for 
relatively simple geometric arrangements. The accuracy however drops with size 




3. 5 Unstable tear. R-curve 
There are three basic geometrical arrangements in terms of unstable tear: 
 
• Thin sheet of material, the crack is under plane stress conditions 
• Thick structure, the crack is under plane strain conditions 
• A mixed state of the above two 
 
For thick structures in which the crack is considered to be under a 
condition of plane strain, the plastic zone is very small and there is little 
ductility evident on the fracture surface. Such a fracture will have typical flat 
fracture appearance. There is almost no extension prior to fracture. 
Therefore, a single value of fracture toughness is usually used. 
For a thin sheet of material, the crack tip is under plane stress 
conditions and the plastic zone is therefore much larger than that found under 
the plane strain. There is a significant crack extension before final 
failure. The fracture surface has the “shear lips” appearance. The whole 
situation is magnified if the yield strength of a given material is relatively small 
(e. g. aluminium alloy vs. high strength steel). 
This phenomenon is usually characterized by a crack resistance curve, 
also termed R-curve. It is a curve representing SIF value K vs. crack extension 
Δa. 
 
Fig 25. Typical shape of R-curve under plane stress and plane strain [5] 
 
In a mixed state of the plane stress and plane strain the R-curve has a 
steeper appearance than in the pure plane stress state. However, there is still an 
evident extension of the crack prior to fracture. 
Unstable tear occurs if the following conditions are fulfilled: 
 퐾 ≥ 퐾푅  
휕퐾휕푎 ≥ 휕퐾푅휕푎   




This in practice means that the R-curve should be moved in the plot until it 





















Crack lentgh a [mm]





ac(unstable tear) = 296 mm
Tangency
퐾 ≥ 퐾푅  
휕퐾휕푎 ≥ 휕퐾푅휕푎  
 
Fig 26. Example of the critical crack length determination 
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3. 6 Crack propagation prediction 
Crack growth prediction is an integral part of damage tolerance analyses. 
Reliable prediction of crack propagation, supported by sufficient test evidence, 
is of paramount importance. Although a significant amount of effort has been 
made over the last 50 years to cover this field, the investigation of crack growth 
prediction is still not closed at the moment. 
This topic is covered in several parts which deal with: 
• Crack propagation under constant-amplitude loading 
• Crack propagation under variable loading 
• Crack growth assuming interaction effects. 
• Description of FASTRAN (strip yield) retardation model 
• Loading sequence used for this analysis 
3. 6. 1 Crack propagation under constant amplitude loading 
The crack propagation under constant amplitude loading is characterised by 
a typical da/dN vs. ∆K curve (also termed crack propagation resistance of 
the material) depicted in the plot below. It represents crack length increment 
per cycle (da/dN) vs. stress intensity factor range. The SIF range is defined as 
follows: 







Fig 27. Typical shape of a da/dN vs. ∆K curve  
 
It consists of three different regions: 
• I – the threshold region 
• II – the Paris region 




The threshold region (I) is represented by the threshold value ∆Kth. It is 
worth pointing out that the threshold value is valid only for macro-crack 
growth. It implies the fact that a macro-crack having a stress intensity factor 
range lower than the ∆Kth value will not grow. 
The ∆Kth value is not a material constant and is a function of the R stress 
ratio. There are also some difficulties encountered during experimental 
determination of the threshold values. The role of ∆Kth in crack growth 
predictions is a subject of on-going discussions. 
Schijve [7] points out that accepting the ∆Kth concept may not be necessarily 
a safe assumption, especially in case of variable-amplitude loading. Instead, it is 
recommended to extrapolate the curve backwards the Paris region as shown in 
Fig 27 to obtain more realistic results. This approach is adopted in this analysis. 
The Paris region (II) represents the stable growth of a macro-crack. 
Description of this region was first proposed by Paris and Erdogan at the 
beginning of 1960s. Their equation (see further in the text) did not account for 
the effect of R-curve. Subsequently, other equation were developed and 
presented. 
The crack growth rate in the stable tearing region (III) is high; the 
magnitude of da/dN is approximately of order 10-5 m/cycle. Striations still can 
be observed, ductile tearing does not yet occur at the whole crack tip [7]. The 
final fracture is mathematically described by tangency of the SIF vs. crack 
length curve with the R-curve (see Subchapter 3. 5). 
Several equations describing crack growth were developed, among others: 
 
• Paris – Erdogan [7] law was presented as the first one in 1961. It 
does not account for the influence of different R ratios. Only the 
second region is accounted for. 
 푑푎푑푁 = 퐶∆퐾푛  
 
    C and m are material constants (n is a so called Paris exponent) 
 
• Klesnil and Lukáš [6] developed the following equation which 
includes both the regions I and II. The estimation of ∆Kth also 
accounts for the influence of R ratio. 
 푑푎푑푁 = 퐴(∆퐾푚 − ∆퐾푡ℎ푚 ) 
∆퐾푡ℎ = 퐴(1 − 푅)훾  
 
Where A, m and γ are material constants 
• Forman equation [7] accounts for R ratio and covers the regions II 
and III. It is used for practical predictions for locations where no high 
load peaks are present (e.g. Airbus analyses of pressurized fuselage). 
 푑푎푑푁 = 퐶∆퐾
푛
(1 − 푅)(퐾푐푓 − 퐾푚푎푥 ) =






The influence of reverse plastic zone, which occurs while unloading a 
cracked object, was already briefly discussed in Subchapter 3. 3. 
The reverse plastic zone causes compressive stress field at the crack tip and 
thus induces the crack closure in the lower part of a load cycle. As a result, the 
crack tip is open only during a part of the load cycle even though the R ratio is 
greater than 0 (i.e. both minimum and maximum stresses are of tensile nature). 
This is illustrated in Fig 28. 
 
Fig 28. Further on the reverse plastic zone and crack closure [4] [7] 
 
Elber found that if the crack is closed the stress singularity at crack tip no 
longer exists. He also postulated that crack growth only occurs if this stress 
singularity occurs. Klesnil and Lukáš [6] also noted that the crack closure may 
be induced by other factors than plasticity as well – namely surface 
roughness and oxide debris. 
Based on this finding, the main aim is to obtain a relation for determining 
the part of the load cycle when the crack is open – in other words the effective 
range. The effective stress range ∆σeff and effective stress intensity factor range 
∆Keff are thus defined. In the further text only the latter (∆Keff) is to be 
discussed.  
The definition of ∆Keff: 
 ∆퐾푒푓푓 = 퐾푚푎푥 − 퐾표푝  
 




∆퐾푒푓푓 =  푈∆퐾 
 
Where U=f(R) is generally represented by a fraction of two polynomials [4]: 
 
푈 = 푏0 + 푏1푅 + 푏2푅2 + 푏3푅3푐0 + 푐1푅  
 
Three particular examples are introduced for aluminium alloys: 
 
• Elber (2024-T3 alloy [4]) 
 푈 =  0,5 + 0,4푅 
 
• Schijve (2024-T3 alloy [4]) 
 푈 =  0,55 + 0,35푅 + 0,1푅2  
 
• Zhang (7475-T7351 alloy [4]) 
 푈 =  0,62 + 0,37푅 + 0,14푅2 
 
Data for crack propagation are usually presented in the form of da/dN vs. 
∆Keff plot. Unlike the da/dN vs. ∆K plot, there is only one curve for all R 
ratios. This is clearly visible in the picture below. 
 
 
Fig 29. Comparison of da/dN vs. ∆K plot and da/dN vs. ∆Keff plot [17] 
 
Paris-Erdogan and Forman equations can be subsequently rearranged as 
follows [7]: 
 
• Paris-Erdogan: 푑푎푑푁 = 퐶∆퐾푒푓푓푛  
 
• Forman: 푑푎푑푁 = 퐶∆퐾푒푓푓
푛




A more complex equation called NASGRO was also developed by Newman 
[17] and covers all three regions defined in Fig 27. It is defined by te 
following relations: 
푑푎푑푁 = 퐶 [(1 − 푓1 − 푅) ∆퐾]
푛 (1 − ∆퐾푡ℎ∆퐾 )
푝
(1 − 퐾푚푎푥퐾푐 )
푞  
 
Where the parameter f of the equation is defined below: 
 
푓 = 퐾표푝퐾ℎ = { 
max (푅,퐴0 + 퐴1푅 + 퐴2푅2 + 퐴3푅3) 푓표푟 푅 ≥ 0퐴0 + 퐴1푅         푓표푟 − 2 ≤ 푅 < 0  
 (푈 = 1 − 푓1 − 푅 ) 
 
Note: the above relation can be also used for calculating U (and ∆Keff)which 
may be subsequently used in any other applicable equation (Forman, Paris-
Erdogan etc.). 
Definition of stress intensity factor threshold: 
 
∆퐾푡ℎ = ∆퐾
∗ (1 − 푅1 − 푓 )(1+푅퐶 푡 ℎ
푝 )
(1 − 퐴0)(1−푅)퐶 푡 ℎ푝       푓표푟 푅 ≥ 0 
∆퐾푡ℎ = ∆퐾
∗ (1 − 푅1 − 푓 )(1+푅퐶 푡 ℎ
푚 )
(1 − 퐴0)(퐶 푡 ℎ푝 −푅퐶 푡 ℎ푚 )       푓표푟 푅 < 0 
∆퐾∗ = ∆퐾√ 푎푎 + 푎0  
 
Exponents Cth, p, q, m and n are material constants. They are defined in 
NASGRO material library which is also incorporated in AFGROW software. 
Definition of parameters A0, A1, A2, A3: 
퐴0 = (0,825 − 0,34훼 + 0,05훼2) [cos (휋2 휎푚푎푥휎0 )]
1훼  
퐴1 = (0,415 − 0,071훼)(휎푚푎푥휎0 ) 
퐴2 = 1 − 퐴0 − 퐴1 − 퐴3 
퐴3 = 2퐴0 + 퐴1 − 1 
 
α is the constraint factor defined in Chapter 3. 3. and σ0 is the flow 
stress defined as  
휎0 = 푅푚 + 푅푝0,22  
The flow stress value is a first-order approximation of the stress level at which 
strain hardening occurs. 
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3. 7 Crack propagation under variable-amplitude loading 
Crack propagation under variable-amplitude loading is a very complex 
problem which has been being discussed until these days. The main area of 
interest is enhancement and verification of load interaction models which are 
described below; the current trend is to develop a model which is based purely 
on physical principles and does require minimum or no tuning.  So far, the 
greatest improvement in terms of this endeavour was made by introduction of 
strip-yield models. This topic is however not closed at the moment and will 
require further extensive research in the future. 
3. 7. 1 General principles 
Various fatigue tests have shown that crack closure is a significant factor 
influencing crack propagation not only under constant-amplitude loading but 
also under variable-amplitude loading. 
In case of the variable-amplitude loading, the situation is magnified by the 
fact that a load peak causes an enlargement both of the monotonic and the 
reversed plastic zone. As a result, the compression field at the crack tip is 
greater and the crack opening is reduced. This phenomenon called crack 





Plastic zone size - a:


























It can be seen that the crack grows at a certain rate until a load peak is 
encountered. This increases the plastic zone and the compression field size. As a 
result, the crack is closed more than before and the growth is significantly 
slowed down (retarded) for a certain period of time. It is notable that 
acceleration may also occasionally occur for a short period of time after 
overload. It is however always followed by deceleration.  
 
 
Fig 31. Acceleration and retardation after an overload [7] 
 
The conclusion is that the load interaction effect plays a great role mainly in 
such cases when a cracked element is subjected to a very variable loading when 
load peaks are separated by regions with relatively moderate loading. This is 
typical for wing structure of an airplane. In contrast, a pressurised fuselage 
may be an example of region with less load peaks where the effect of crack 




Fig 32. Typical loading of a lower wing panel (on the left) and an upper 




The solution of crack growth under variable loading is composed from several 
steps which are introduced in the table below. These steps are: 
 
• Performing stress analysis in order to obtain Beta function 
• Calculation of stress range ∆σ 
• Obtaining stress intensity factor range ∆K or effective stress intensity 
factor range ∆Keff 
• Determining crack length increment per 1 cycle (da/dN) for a 
particular value of ∆K or ∆Keff 
• Adding this increment to the crack growth curve 
 
Principle of the solution is illustrated in Fig 33. It is worth noting a sort of 
an at-first-sight paradox in this approach; material data obtained under 
constant-amplitude tests are used for prediction of propagation under variable-
amplitude loading. Nevertheless, this procedure is a widely accepted standard 





= Stress intensity factor range ∆K,  ∆Keff
da/dN vs. ∆K
da/dN vs. ∆Keff da/dN
a + da/dN
+ N (= 1)
N
Stress analysis of part Loading sequence
Stress intensity factor solution         
(β function)
Stress vs. Time plot




∆퐾 =  훽∆휎√휋푎 
∆휎 
∆퐾푒푓푓 =  훽∆휎푒푓푓 √휋푎 
 
 
Fig 33. Principles of variable-amplitude loading analysis 
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3. 7. 2 Prediction approaches under VA loading 
So far the basic principles were discussed. Two main approaches in 
evaluation of propagation under variable-amplitude loading are presented now. 
These are: 
• Calculation without interaction effects 
• Calculation with accounting for interaction effects 
 
Calculation without interaction effects 
 
This is the simplest approach. Crack growth is independent of the previous 
load history and is only function of severity of the current cycle. This method is 
physically unrealistic since load interaction effect has usually a significant effect. 
This option should be adopted if there is not enough test evidence to 
substantiate crack retardation. Highly conservative prediction is obtained 
which makes this option uneconomic as far as service life and inspection 
intervals are concerned. 
Use of the constant-amplitude data with ∆Kth values is questionable. The 
threshold value found under constant amplitude loading does not mean that 
cycles with ∆K < ∆Kth under variable-amplitude loading do not contribute to 
crack growth. Therefore it is recommended to extrapolate da/dN vs. ∆K curve 
backwards validity of Paris region as shown in Fig 27. 
Schijve [7] pointed out that although the extrapolation has no solid physical 
background it still appears to be more reasonable and safer than ignoring this 
aspect. The problem has a certain similarity to the problem of extrapolating SN 
curves below the fatigue limit for fatigue life predictions with the Miner rule for 
VA-load histories. 
 
Calculation with interaction effects 
 
Several types of models were developed over a time-span of four decades. 
They are summarized in the following table. 










• crack closure determined
emprirically
Strip yield models
• FASTRAN and others
• crack closure is calculated
analytically
 
Fig 34. Development of load interaction models 
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The earliest models introduced at the beginning of 1970s – yield zone 
models – did not account for crack closure phenomenon. Willenborg model 
included crack retardation by lowering the Kmax value after an overload. This 
assumption is questionable since there is no relation to the physical basis of the 
load interaction. A so-called shutoff overload ratio (SOLR) has to be defined in 
the model. Wheeler introduced a semi-empirical retardation parameter γ 
to establish relation between CA and VA crack growth at the same ∆K [7]: 
 
( 푑푎푑푁)푉퐴 ,∆퐾 =  훾 (
푑푎푑푁)퐶퐴,∆퐾  
 훾 = (푟푝,푖휆 )
푚  
 
Where rp,i is the assumed plastic zone of the current cycle and λ is the 
distance from the last overload plastic zone, m is an empirical parameter. 
These models require an extensive experiment-based tuning. Neither 
Willenborg nor Wheeler model has the ability to model acceleration. 
The crack closure models account for the occurrence of plasticity induced 
crack closure. The values of σop or Kop are calculated for each cycle. All the 
above mentioned models differ in the way how this value is determined, it can 
be nevertheless concluded that Elber concept of U(R) coefficient (described 
above) was generally adopted. However, the calculation of crack closure is 




Fig 35.  Scheme of determination of Sop in VA loading conditions [7] 
 
The crack increment during the pertaining load cycle is defined as: 
 
( 푑푎푑푁)푉퐴 = 푓(∆퐾푒푓푓 )퐶퐴  
 
The disadvantage of the crack-closure models - necessity to perform series of 
experiments to tune the model is partially rectified by strip-yield models. 
These models calculate the crack closure using model of plastic wake behind the 
crack tip. This is a significant enhancement in terms of physically sound 
concept. For this purpose, the Dugdale model, which presumes a perfectly 
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plastic material behaviour, was adopted. It is assumed that the plastic 
deformation occurs in a thin strip of material surrounded by elastic region. This 
strip is separated into segments for purposes of calculation.  
 
 
Fig 36. Dugdale strip-yield model [7] 
 
Further down in the text FASTRAN strip-yield retardation model 
which is used for the analysis is described. 
 
FASTRAN retardation model 
 
The analytical crack closure model was at first developed for a central crack 
in a finite-width specimen under uniform remote stress loading. It was later 
expanded to a configuration with crack starting from circular hole in a finite 
width specimen. The geometry of the model can be seen in the picture below. 
 
Fig 37. Definition of the geometry of the model [17] 
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The model as seen in Fig 37 is composed of three regions: 
 
• Region 1 – linear elastic region surrounding the crack; it also 
contains the hole 
• Region 2 – plastic zone at crack tip, length ρ 
• Region 3 – residual plastic zone behind the crack tip – a so called 
plastic wake 
 
The physical length of the crack is equal to term c’–r. The length of the 
reverse (compressive) plastic zone is denoted as ω. The length of the monotonic 
plastic zone is ρ. 
Whereas the region 1 is treated as elastic continuum, regions 2 and 3 are 
assumed to be perfectly plastic. The maximum stress in these regions is [17]: 
 
• In tension 휎푚푎푥 =  훼휎0  
 
• In compression 휎푚푖푛 = −휎0 
 
Where σ0 is the flow stress, α is the constraint factor. The broken elements 
can only carry compressive loads when they are in contact. This fact is also 
depicted in Fig 37. The loss of constraint under compression is justified by the 
presumption that the large stress gradient at crack tip no longer exists if 
compressive loads are applied. 
The opening stress is computed based on contact stresses in the plastic wake 
[17]: 
 






휋푏푘2푤푠푖푛 휋푎2푤  푓표푟 푘 = 1 푎푛푑 2 
 
Where σcj is the contact stress of the j-th element along the crack surface. 
The crack length a is the sum of the hole radius plus the length of all 
elements from j = 11 to j=n. The dimension bk denotes as an edge of an 
element. The width of an element is thus equal to b2–b1. The specimen width 
w is measured either from the centreline or the edge. 
The effective stress intensity factor can be subsequently computed: 
 ∆퐾푒푓푓 =  훽∆휎√휋푎 =  훽(휎푚푎푥 − 휎표푝)√휋푎 
 
The described value of opening stress is held constant for a certain amount of 
crack extension. This crack extension is denoted as ∆c*. It is defined by the 




The parameters ρ and ω were defined above. Rx is the modified stress ratio, 
which is equal to R for positive values and equal to 0 for negative values. 
The opening stress is re-calculated if one of the below conditions is met [17]: 
 
• ∆a > ∆a* 
• ∆a* is not exceeded within 1000 cycles 
• Large overloads or underloads are encountered (i.e. the pertaining load 
cycle is outside the pre-set values) 
 
FASTRAN model allows for modelling the constraint loss regime of the 
crack growth. This regime represents transition of the crack tip from the flat 




Fig 38. Flat to slant transition [7] 
 
Schijve [20] found that this transition is closely linked to the crack growth 
rate da/dN. Moreover, the transition occurs in nearly the same range of da/dN 
values over a wide range of stress ratios R for aluminium alloys. Therefore it is 
convenient to model this transition by introducing the following relations: 
 푑푎푑푁 ≤ ( 푑푎푑푁)푠푡푎푟푡  표푓  푡푟푎푛푠푖푡푖표푛  →  훼 = (훼)푓푙푎푡  푟푒푔푖푚푒  
푑푎푑푁 ≥ ( 푑푎푑푁)푒푛푑  표푓  푡푟푎푛푠푖푡푖표푛  →  훼 = (훼)푠푙푎푛푡  푟푒푔푖푚푒   
 
 
( 푑푎푑푁)푠푡푎푟푡  표푓  푡푟푎푛푠푖푡푖표푛 <
푑푎푑푁 < ( 푑푎푑푁)푒푛푑  표푓  푡푟푎푛푠푖푡푖표푛   
→  훼 = (훼)푠푙푎푛푡  푟푒푔푖푚푒 + (훼)푓푙푎푡  푟푒푔푖푚푒 ⎣⎢
⎡ ( 푑푎푑푁)푒푛푑  표푓  푡푟푎푛푠푖푡푖표푛 − 푑푎푑푁





This means there are two pairs of boundary values of da/dN and constraint 
factor α. Linear interpolation is engaged for the values between them. 
This approach is adopted in FASTRAN retardation model. If proper material 
tests are conducted to obtain these values, the crack growth prediction is 
expected to be accurate enough to predict the crack propagation without further 
tuning (provided the shape function is determined properly). This is however a 
subject to on-going discussions. 
In general, better qualitative understanding of the crack propagation 
mechanisms is still a problem for future. 
In any case, certification authorities still give no credit to retardation effect 
unless this is substantiated by relevant test evidence. 
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3. 8 Loading sequence 
For the purposes of the damage tolerance analyses a randomized loading 
sequence was prepared (this topic is closely described in [9]). The sequence is 
based on TWIST methodology which was developed in early 1970s (see [19] for 
more details). Nowadays, its main role is the use for aerospace scientific 
research and preliminary DT assessment of a wing structure. In the later stage 
of an aircraft’s development, each manufacturer usually develops its own 
sequence. 
The main input for creation of the sequence is the gust spectrum of the L 410 
NG airplane. This spectrum can be seen below in Fig 39 being compared with 
other aircraft of similar design and role. It is worth noting that the gust 




Fig 39. Gust load spectrum of the L 410 NG airplane in comparison with 
other similar airplanes [9] 
 
The loading sequence represents 2000 flight hours (1839 flights). At the 
beginning of its composition, two important parameters had to be set, namely: 
 
• Spectrum truncation – the spectrum is truncated to load factor 
encountered on average 15 times per Design Service Goal (DSG) of 
30 000 flight hours. This is a rather conservative criterion compared 
with AC 23-13A requirement imposed on truncation level (10 times 
per DSG). This truncation yields maximum and minimum load factor 
equal to n = +3,043 and -1,043 respectively. 
• Load level omission – the omission was performed at cumulative 
frequency of 90 000 cycles per 2000 flight hours. The clipping level is 




After the spectrum omission and truncation had been performed, it was 
stepped to 10 different blocks denoted from I to X. 
 
 
Fig 40. Stepped loading spectrum  [9] 
 
Afterwards, 10 different flight types denoted from A to J are created in 
accordance with TWIST methodology. These flight types differ from each other 
in terms of their severity. Each flight type consists of a certain number of cycles 
from the stepped load spectrum blocks I to X (as depicted in Fig 40).  
The flight type A represents the most severe flight corresponding to flying in 
very turbulent conditions. On the other side, type J is a representative of a 
smooth flight. This is illustrated in Tab 4. 
 
Tab 4. Frequency of gusts in particular flight types [9] 
 
A B C D E F G H I J
1 1 2 5 11 27 73 185 468 1066
1 2 4 9 20 47 120 305 773 1839 Block Cumulative
I 2,043 1 1 1
II 1,930 1 1 2 3
III 1,734 1 1 1 4 7
IV 1,544 5 3 1 1 15 22
V 1,337 11 7 4 2 1 47 69
VI 1,138 27 19 13 8 3 1 172 241
VII 0,937 65 50 39 25 15 5 1 691 932
VIII 0,736 141 118 98 71 49 27 10 1 2993 3925
IX 0,534 258 237 214 181 143 98 54 19 1 13972 17897
X 0,333 319 316 309 294 273 236 181 110 36 9 72103 90000

























































It can be seen that the most severe flight types A and B are both included 
only once in the sequence. The types A and B consist of 829 and 752 cycles 
respectively. The smoothest flight type J is composed only from 1 type of cycles 
from block X of the spectrum. This type has the highest frequency – 1066 times 
per loading sequence. 
The sequence of flights as well as the sequence of gusts in a flight are 
generated randomly with respect to the distribution of the pertaining flight 
types and load factors. 
Pairing of local minima and maxima from the gust spectrum is performed on 
a random basis without any restrictions.  
Ground loads were also taken into account. It is represented by one cycle at 
the end of each flight. This cycle is obtained from total ground loading 
spectrum which is the sum of landing impact and taxi spectra. 
 
Fig 41. Stepped total ground loading spectrum [9] 
 
The total ground spectrum consists of 356 766 local extremes, i.e. 194 
extremes per flight. Therefore, 194 extremes are generated and the highest one 
is selected for the sequence. 
The conversion from load factors to stress values in an arbitrary location of 
the wing is done by means of three stress parameters: 
 
• Stress during 1g level flight σ1g 
• Increase in stress per unit increase in load factor (∆σ∆n=1) 
• Stress during standing on ground σ1g ground 
 
Stress values may be subsequently obtained as follows: 
• In flight 휎(푛) = 휎1푔 + (푛 − 1)∆휎∆푛=1 
 
• On ground 




4 METHODOLOGY OF DT EVALUATION 
This Chapter deals with application of theoretical instruments described in 
the previous parts of the thesis. The methodology of evaluation is introduced so 
that the results of the analysis can be identified in relation with the theory. 
This methodology in general represents a widely acknowledged strategy of 
Damage Tolerance calculations that is engaged by many aircraft manufacturers 
in the world. 
Each manufacturer, however, should substantiate that all details of the used 
method are appropriate for the desired application and, where necessary, 
support the results by relevant test evidence. 
4. 1 Crack propagation scenarios 
At first, several crack propagation scenarios are established. These scenarios 
are prepared in line with JSSG-2006 requirements (see Subchapter 2. 3 for more 
details). The requirements are: 
 
• Crack propagation from the critical hole both in the analysed part and 
also in the adjacent structural elements in case common drilling or 
similar assembly operations are used 
• Crack propagation from a location other than a hole 
 
The most critical hole is assumed to exist in rivet rows connecting the front 
spar flange and the integral panel. This riveted joint is formed by two rivet 
rows. Four scenarios are therefore established based on the “critical hole” 
criterion: 
• Scenario 1 includes propagation from the rivet hole which is farther 
from the adjacent edge of the panel. Cracks are assumed to propagate 




Fig 42. Crack propagation - Scenario 1 
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• Scenario 2 represents propagation from the rivet hole which is closer to 
the adjacent edge of the panel. Cracks are assumed to propagate both 




Fig 43. Crack propagation - Scenario 2 
 
• Scenario 3 includes propagation from the rivet hole which is farther 
from the adjacent edge of the panel. Cracks are assumed to propagate 




Fig 44. Crack propagation - Scenario 3 
 
• Scenario 4 represents propagation from the rivet hole which is closer to 
the adjacent edge of the panel. Cracks are assumed to propagate in the 





Fig 45. Crack propagation - Scenario 4 
 
The position of the primary and secondary flaws in a hole can be seen in the 
pictures above. It was selected in accordance with the convention to place the 
primary flaw in such a way that it reaches the edge of an element (induces a so 
called ligament failure) and thus allows for acceleration of propagation of the 
secondary flaw. 
The location other than a hole was chosen to be the second stringer from 
the front edge of the panel. This stringer was selected due to the highest 
magnitude of major principal stress in comparison with other stringers. The 
situation is depicted in the figure below. 
 
 
Fig 46. Crack propagation - Scenario 5 
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4. 2 Finite element model 
Finite element method was used to obtain stress intensity factor solutions. It 
was also used to perform stress check of residual strength of the cracked wing 
structure. The model which was used for calculations is briefly described in 
Subchapter 4. 2. 1. The changes introduced to the model are recorded in 
Subchapter 4. 2. 2. 
4. 2. 1 General description of the model 






Fig 47. Overview of the FE model 
 
This model consists of a fine FE model of the inner part of the wing attached 
to a simplified fuselage model. Shell elements are used for modelling both the 
wing and the fuselage structure. RBE2 elements are used to simulate fasteners 
throughout the model. A slight modification in fasteners modelling was 
necessary to be carried out (see Subchapter 4. 2. 2).  
The loads applied in the model are transferred by means of SAVNAS 
program from SAVLE (automated load calculation software). 
The basic properties of the model ale briefly summarized below: 
 
• FE pre-processor: ANSA 
• FE solver: MD NASTRAN, SOL 101 
• subcase: 10030 (level 1g flight) 
• shell elements: Wing and fuselage structure  
• wing – fuselage attachments, engine mounts, flaps hinges – steel: 
E = 210 000 MPa 
• the rest of the structure – aluminium alloy: E = 72 GPa 
• riveted joints in the vicinity of the crack – CBEAM elements (aluminium 
alloy: E = 72 000 MPa) 
• RBE2: the rest of riveted joints 
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• CRAC2D: description of stress and strain state in the crack tip field, 
aluminium alloy, E = 72 000 MPa 
4. 2. 2 Changes in the model 
It was already noted that RBE2 elements are used for fastener modelling 
throughout the model. Use of such concept would lead to a tremendous 
underestimating of stress intensity factor at crack tip in the vicinity of a joint 
due to the infinite stiffness of RBE2 elements. 
Therefore, CBEAM elements were used to simulate rivets instead of RBE2 
elements in the vicinity of the crack. In particular, the modified location 
consists of the riveted joint connecting the panel and the front spar flange and 




Fig 48. Substitution of the RBE 2 elements by CBEAM elements 
 
The concerned rivets are modelled by CBEAM elements. The CBEAM radius 
was calculated using Douglas method proposed by T. Swift [22]. This 
method is suitable for single shear joints where the secondary bending effect is 
not predominant. For the reference modulus of elasticity the following equation 
applies: 
 
퐸 = 퐸1 푡1 + 퐸2 푡2푡1 + 푡2  
 
where E is the reference modulus of elasticity, E1, E2 and t1, t2 are the moduli 
of elasticity and the thicknesses of the parts of the joint (namely the flange and 
the panel or the flange and the shear web). The rivet stiffness may subsequently 
be calculated: 
퐾 = 퐸퐴퐷 + 퐶푡1 퐸퐸1 + 퐶푡2 퐸퐸2
 
 
where D is the rivet diameter, A and C are parameters depending on whether 
rivets or bolts are used. For riveted joints the following values apply: A = 5 and 
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C = 0,8. The cross-sectional area of a CBEAM element is then given by the 
following equation: 
 
푆퐶퐵퐸퐴푀 = 퐸퐷(푡1 + 푡2) 2퐺 [퐴 + 퐶 (퐷푡1 퐸퐸1 + 퐷푡2 퐸퐸2)]
 
 
After having obtained the value of the cross-sectional area, the CBEAM 
element radius can be easily expressed as: 
 
푅퐶퐵퐸퐴푀 = √푆퐶퐵퐸퐴푀휋  
 
The substitution by CBEAM elements is one but not the only possibility of 
modelling the rivet stiffness. Another widely used method is to engage CBUSH 
elements which have the ability to model a spring of an arbitrary stiffness in an 
arbitrary direction. 
These two methods have been compared to prove their equivalency. A very 
brief example of comparison of the two methods is introduced in the below plot. 
The plot shows the shear force distribution in the riveted joint connecting two 
tension-loaded parts, one of which is perpendicularly interrupted by a crack. 
It can be concluded that the shear force values obtained by both methods are 
similar. The CBEAM elements yield higher values (by approximately 5%) as far 
























Comparison of rivet models (CBUSH vs. CBEAM, Swift method)






Fig 49. Example of comparison of CBUSH and CBEAM elements 
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4. 3 Stress intensity factor solution 
Details of stress intensity factor solution are introduced in this Subchapter. 
Basic strategy of the calculation is reviewed. Crack propagation assumptions, 
mainly in terms of the dependant crack growth, are also briefly discussed.  Last 
but not least, the practical use of NASTRAN CRAC2D element is also 
explained. 
4. 3. 1 Basic strategy of calculation 
Stress intensity factor is calculated for each crack length using NASTRAN 
CRAC2D element in the FE model. The usual sizes of elements are: 
 
• 6 millimetres for crack modelling in the flange and in the first stages 
on the panel (crack lengths up to 80 mm) 
• 5 increments per bay in the central zone of the panel, the increment 
size is thus varying between 12 and 16 millimetres which is sufficient 
in terms of precision of the calculation 
 
Then the SIF vs. crack length plot is created. This plot is initially created for 
the 1g level flight load case specified below. This plot is used for obtaining Beta 
function. 
For residual strength calculations, these SIF values are subsequently 
multiplied by factor which is defined as a fraction of the stress in the panel for 
the limit load case – 100 % limit load (Maximum Up Bending Static Load Case 
– LC 239C, see below) and the stress for the 1g level flight load case: 
 푚푢푙푡푖푝푙푖푐푎푡푖표푛 푓푎푐푡표푟 =  휎100  % 퐿퐿휎1푔  
 
Description of the assumed load cases: 
 
• 1 g level flight load case – LC 030 description  
• Mass configuration 1120 (the airplane mass m = 6 878,7 kg) 
• Load factor multiple n = 1,0 
• vEAS = 364 km.h-1 
• Hp = 2790 m 
• Flaps retracted 
 
• Maximum Up Bending Static Load Case – LC 239C description: 
 
• Vertical gust, gust velocity U = 15,24 m/s 
• Mass configuration 2018 (the airplane mass m = 6 959,8 kg) 
• Load factor multiple n = 3,2126 
• vEAS = 390 km.h-1 
• Hp = 4267 m 




This factor is calculated for various stations throughout the panel and the 
flange (see Fig 50) in the section 103 and 104. The maximum value is elected to 
be used as the sought multiplication factor. The stress data are obtained from 
[13]. They are calculated conventionally using the in-house STAUNO software. 
 
 
Fig 50. STAUNO numbering system and stations of interest [13] 
 
The results of the multiplication factor calculation are summarized in the 
next two tables. The value of 3,283 was chosen (see Tab 6). 
 









1 = FLANGE 48,04 1 = FLANGE 155,35 3,2338
27 = PANEL 52,56 27 = PANEL 171,44 3,2618
28 = PANEL 52,56 28 = PANEL 171,44 3,2618
29 = PANEL 52,56 29 = PANEL 171,44 3,2618
30 = PANEL 51,86 30 = PANEL 169,48 3,2680
31 = PANEL 51,86 31 = PANEL 169,48 3,2680
32 = PANEL 49,62 32 = PANEL 162,16 3,2680
33 = PANEL 49,62 33 = PANEL 162,16 3,2680
34 = PANEL 46,25 34 = PANEL 150,84 3,2614
35 = PANEL 46,25 35 = PANEL 150,84 3,2614
36 = PANEL 41,86 36 = PANEL 136,00 3,2489
37 = PANEL 41,86 37 = PANEL 136,00 3,2489
38 = PANEL 36,64 38 = PANEL 118,23 3,2268
39 = PANEL 36,64 39 = PANEL 118,23 3,2268
3,2680THE MAXIMUM VALUE
LEVEL FLIGHT
















1 = FLANGE 47,95 1 = FLANGE 154,51 3,2223
27 = PANEL 51,91 27 = PANEL 170,40 3,2826
28 = PANEL 52,44 28 = PANEL 170,40 3,2494
29 = PANEL 52,13 29 = PANEL 169,63 3,2540
30 = PANEL 51,40 30 = PANEL 167,39 3,2566
31 = PANEL 50,30 31 = PANEL 163,85 3,2575
32 = PANEL 48,89 32 = PANEL 159,27 3,2577
33 = PANEL 47,22 33 = PANEL 153,77 3,2565
34 = PANEL 45,30 34 = PANEL 147,37 3,2532
35 = PANEL 43,13 35 = PANEL 140,12 3,2488
36 = PANEL 40,74 36 = PANEL 132,10 3,2425
37 = PANEL 38,15 37 = PANEL 123,38 3,2341
38 = PANEL 35,37 38 = PANEL 114,02 3,2236
39 = PANEL 33,68 39 = PANEL 109,19 3,2420
3,2826
MULTIPLICATION FACTOR - SECTION 104
LEVEL FLIGHT LIMIT LOAD
FACTOR 
VALUE [-]
THE MAXIMUM VALUE - TO BE USED
 
 
The SIF vs. crack length plot is based on theoretical assumption that all 
initially uncracked structural elements (i.e. riveted joint and stringers in all 
Scenarios plus the flange in Scenarios 3, 4 and 5) remain intact for all crack 
lengths that are investigated. 
 
Tab 7. SIF solution assumptions 
Crack is present Element is intact
1 integral panel, spar flange riveted joints, spar web
2 integral panel, spar flange riveted joints, spar web
3 integral panel, riveted joints, spar web, flange
4 integral panel riveted joints, spar web, flange





The critical crack length is thus obtained independently of failure of the 
related structural elements. This approach significantly simplifies the calculation 
but simultaneously does not compromise its precision since the basic task at this 




It is therefore evident that the use of such a simplified approach is justified, 
because: 
• the sequence of the limit states is clearly identified and allows for 
choosing the first one 
• the only part of the SIF vs. crack length plot which is actually used 
for the crack growth analysis, i.e. from initial flaw till the first limit 
state, is calculated correctly as far as the dependence of the limits 
states on each other is concerned. 
Further down in the analysis all the relevant limit states are investigated and 
the inspection threshold and inspection intervals are stipulated based on the 
first limit state which occurs in the wing structure. 
4. 3. 2 Crack propagation assumptions 
It was already mentioned that multiple cracks are usually assumed to 
propagate simultaneously. If there are multiple cracks present in the structure, 
the stress intensity factor at each crack tip is different (higher) from that 
calculated for a single crack configuration. It is therefore unsafe to consider 
independent propagation of cracks. 
It is a general practice to calculate the crack growth independently until 
primary flaw induces a ligament failure and then carry out a dependent 
solution. 
 
Fig 51.  Industry-renowned practice of assuming crack dependence 
A more precise way was chosen in this thesis; the solution is dependent from 
crack lengths of approximately 5 mm. The phenomenon of simultaneous 
propagation of cracks is accounted for in the stress intensity factor solution. The 
SIF values are strictly calculated dependently on each other. This means that: 
 
• The FE model always contains all cracks together  
• The length of each crack in relation to the others is obtained in an 
iterative manner 
 
It is evident that estimating the size of a crack in relation to the other cracks 
requires a kind of prediction of the growth before the stress intensity factor 
calculation is conducted. This is usually done in an iterative manner, i.e. the 
solution is gradually put more precisely in several steps. 
Two examples of such approach are illustrated below. 
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Situation 1 – simultaneous propagation in the panel and the flange 
 
This is illustrated in the picture below. The crack length in each step is 




Fig 52.  Example of simultaneous propagation – panel and flange 
 
 
Situation 2 – transition over a stringer 
Transition of the crack over the panel stringer is assumed to happen as 
depicted in the below picture. The dots characterise the growth in several time 
steps numbered from 1 to 6. Cracks are assumed to propagate simultaneously 
both in the stringer and the skin at the same rate of growth. 
 
 
Fig 53. Situation 2 – Transition over a stringer 
4. 3. 3 Practical use of NASTRAN CRAC2D element 
The practical use of the CRAC2D element is shown on an example below. 
This element can be inserted either in the bulk data file (.bdf) by hand (this 
was done in the analysis) or, if pre-processor supports this element type, insert 









Fig 55.  NASTRAN CRAC2D bulk data input, based on [25] 
 
Notes on the use of the element: 
 
• 10 grid points (G1 to G10 as per Fig 54) are usually defined in the 
second line, up to 18 of them (G1 to G18 as per Fig 54) can be however 
used 
• The stress conditions were always set to plane stress (=1) in this analysis 
• The angle to x-axis corresponds to ϕ as per Fig 18 
 
If the model is compiled in SI engineering units (Newtons and millimetres), the 
result is subsequently printed in N.mm-3/2. The conversion to MPa√m is the 
following: 




4. 4 Residual strength 
Determining residual strength of the wing structure is a vital part of damage 
tolerance analyses. It is very important to estimate the moment at which the 
airframe loses its capability to transfer loads which may occur during its 
operations. 
Stipulation of an inspection program almost merely depends on the residual 
strength calculation. The required level of residual strength is the limit load. 
 The below listed limit states are assumed in the residual strength analysis: 
 
• Bearing capacity of a riveted joint 
• Strength of adjacent structural elements 
• Unstable tear 
 
All of them are discussed in the following Subchapters. 
4. 4. 1 Bearing capacity of riveted joints 
Bearing capacity of riveted joint is a factor which vastly affects residual 
strength of the structure. If a crack is present in a cracked tension-loaded 
member, the rivets adjacent to the crack are loaded significantly more than in 




Fig 56. Shear force acting on rivets magnitude in the vicinity of crack  
 
The magnitude of shear forces applied on the riveted joint is evaluated as 
follows: 
• for Scenario 1 and Scenario 2 the magnitude of shear force in the joint 
connecting the flange and the front spar web is calculated 
• for Scenario 3 and Scenario 4 the magnitude of shear force in the joint 
connecting the flange and the bottom wing panel is calculated 
• Scenario 5 is evaluated for two-bay crack capability, this possibility is 
therefore not included 
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The shear force is analysed by means of FE linear analysis. The stiffness is 
modelled using Swift (Douglas) method discussed in Subchapter 4. 2. 2. The 
calculated values of shear forces are compared with the pertaining limit value 
for a single shear joint according to ONL 1562. 
4. 4. 2  Strength of adjacent structural elements 
The magnitude of stress in the adjacent structural parts is evaluated at 
100 % limit load using linear FE analysis. The reserve factor is subsequently 
evaluated (the limit stress is considered to be yield strength Rp0,2 as 
recommended by Bent [5]): 
 푅퐹 = 휎푎푑푗푎푐푒푛푡  푝푎푟푡푅푝0,2  
 
The magnitude of stress in is checked in the following parts: 
 
• bottom wing panel stringers (for all scenarios) 
• front spar flange (for scenarios 3, 4, 5 where the crack in the flange is not 
present) 
• front spar shear web (for scenario 1 and 2 where the shear web transfers 
a significant part of the load from the cracked flange) 
 











Fig 58. Stress check of the panel 
4. 4. 3 Unstable tear 
The question of unstable tear was already discussed in the theoretical part 
(Subchapter 3. 5). 
Special attention must be given to selection of an appropriate R-curve. This 
R-curve should always reflect the thickness of the structural part. The following 
rule in general applies to selection of an R-curve: the thickness of the test 
specimen should be always higher that the thickness of the aircraft part. This 
action precludes selection of too optimistic R-curves (see Fig 59). 
A significant amount of R-curves has been accumulated by U.S. Air Force in 





Fig 59. Comparison of two different R-curves for 7475-T7351 alloy [14] 
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4. 5 Material properties 
The materials of the analysed parts are: 
• aluminium alloy 2124-T851 – front spar flange 
• aluminium alloy 7475-T7351 – integral panel 
The data were obtained from [10] and [11]. R-curves were chosen from [15]. 
4. 5. 1 2124-T851 
General description 
 
2124-T851 is an Al-Cu-Mg alloy with higher purity compared with 2024-T851. 
T851 temper stands for the following heat treatment process: 
 
• Solution heat treated 
• Stress relieved by stretching 
• Artificially aged 
 
Tab 8. Chemical composition of 2124-T851 alloy [27] 
Si Fe Cu Mn Mg Cr Zn Ti Others, total Al
0,2 0,3 3,8-4,9 0,3-0,9 1,2-1,8 0,1 0,25 0,15 0,15 Remainder   
 
Mechanical properties [10] 
 
• Ultimate strength:    488 MPa 
• Young’s modulus:   72 000 MPa 
• Poisson’s ratio:   0,33 
• Yield strength:   446 MPa 
• Plane strain fracture toughness:  32,5 MPa.m1/2 
 
The crack growth rate data were extrapolated beyond validity of Paris region 
in order to obtain a conservative prediction at low stress intensity factor ranges 
under complex VA load histories. 
 
Tab 9. Extrapolated da/dN vs. ∆Keff data (based on [10]) 
 
∆Keff [MPa√m] da/dN [m/cycle] ∆Keff [MPa√m] da/dN [m/cycle]
1,00 2,4340E-10 17,50 3,9603E-06
1,50 9,6143E-10 20,00 6,2260E-06
2,00 2,5481E-09 22,50 9,2793E-06
3,00 1,0065E-08 25,00 1,3260E-05
4,00 2,6675E-08 27,50 1,8314E-05
5,00 5,6811E-08 30,00 2,4593E-05
7,50 2,2440E-07 32,50 3,2254E-05
10,00 5,9473E-07 35,00 4,1459E-05
12,50 1,2666E-06 37,50 5,2377E-05




Tab 10. Extrapolated da/dN vs. ∆K data (based on [10]) 
 
R = 0,05 R = 0,2 R = 0,6
1,00 4,612E-11 5,060E-11 6,435E-11
1,50 1,732E-10 2,024E-10 2,797E-10
2,00 4,430E-10 5,412E-10 7,934E-10
3,00 1,664E-09 2,165E-09 3,449E-09
4,00 4,256E-09 5,789E-09 9,782E-09
5,00 8,817E-09 1,241E-08 2,196E-08
7,50 3,312E-08 4,966E-08 9,545E-08
10,00 8,470E-08 1,328E-07 2,707E-07
12,50 1,755E-07 2,848E-07 6,078E-07
15,00 3,182E-07 5,311E-07 1,177E-06
17,50 5,262E-07 8,997E-07 2,057E-06
20,00 8,137E-07 1,420E-06 3,338E-06
22,50 1,195E-06 2,125E-06 5,115E-06
25,00 1,686E-06 3,046E-06 7,493E-06
27,50 2,301E-06 4,219E-06 1,058E-05
30,00 3,056E-06 5,681E-06 1,451E-05
32,50 3,969E-06 7,469E-06 1,939E-05
35,00 5,055E-06 9,623E-06 2,537E-05
37,50 6,332E-06 1,218E-05 3,257E-05





The following crack resistance curve (R-curve) was selected [15]: 
 
Tab 11. R-curve, 2124-T851 alloy [15] 















4. 5. 2 7475-T7351 
General description 
 
7475-T7351 is an Al-Zn-Mg-Cu alloy specified for applications where fracture 
toughness is a major design consideration such as fracture critical parts on high 
performance aircraft. 
T7351 temper stands for the following heat treatment process: 
 
• Solution heat treated 
• Specially artificially aged to achieve high stress corrosion resistance 
 
Tab 12. Chemical composition of 7475-T7351 alloy [28] 
Si Fe Cu Mn Mg Cr Zn Ti Others, total Al
0,2 0,3 3,8-4,9 0,3-0,9 1,2-1,8 0,1 0,25 0,15 0,15 Remainder   
 
Mechanical properties [11] 
 
• Ultimate strength:    490 MPa 
• Young’s modulus:   72 000 MPa 
• Poisson’s ratio:   0,33 
• Yield strength:   414 MPa 
• Plane strain fracture toughness:  46 MPa.m1/2 
 
The crack growth rate data were extrapolated beyond validity of Paris region 
in order to obtain a conservative prediction at low stress intensity factor ranges 
under complex VA load histories. 
 
Tab 13. Extrapolated da/dN vs. ∆Keff data for 7475-T7351 (based on [11]) 
 
∆Keff [MPa√m] da/dN [m/cycle] ∆Keff [MPa√m] da/dN [m/cycle]
1,00 1,1648E-10 17,50 2,9082E-06
1,50 6,8266E-10 20,00 4,2353E-06
2,00 2,3937E-09 22,50 5,9005E-06
3,00 1,4029E-08 25,00 7,9379E-06
3,81 3,9785E-08 27,50 1,0381E-05
4,00 4,5619E-08 30,00 1,3262E-05
5,00 8,5500E-08 32,50 1,6614E-05
7,50 2,6773E-07 35,00 2,0469E-05
10,00 6,0176E-07 37,50 2,4856E-05
12,50 1,1278E-06 40,00 2,9809E-05




Tab 14. Extrapolated da/dN vs. ∆K data for 7475-T7351 (based on [11]) 
 
R = 0,05 R = 0,2 R = 0,6
1,00 8,362E-12 1,279E-11 4,383E-11
1,50 5,136E-11 7,851E-11 2,556E-10
2,00 1,862E-10 2,845E-10 8,931E-10
3,00 1,144E-09 1,747E-09 5,208E-09
4,00 4,146E-09 6,331E-09 1,820E-08
5,00 1,126E-08 1,719E-08 4,236E-08
7,50 5,332E-08 6,618E-08 1,363E-07
10,00 1,219E-07 1,541E-07 3,123E-07
12,50 2,314E-07 2,968E-07 5,942E-07
15,00 3,906E-07 5,072E-07 1,005E-06
17,50 6,083E-07 7,977E-07 1,567E-06
20,00 8,927E-07 1,181E-06 2,303E-06
22,50 1,252E-06 1,669E-06 3,234E-06
25,00 1,695E-06 2,275E-06 4,381E-06
27,50 2,229E-06 3,010E-06 5,766E-06
30,00 2,861E-06 3,887E-06 7,409E-06
32,50 3,601E-06 4,917E-06 9,332E-06
35,00 4,456E-06 6,113E-06 1,155E-05
37,50 5,432E-06 7,487E-06 1,410E-05





The following crack resistance curve (R-curve) was selected [15]: 
 
Tab 15. R-curve, 7475-T7351 alloy [15] 













4. 6 Crack growth analysis 
Crack growth analysis is conducted in AFGROW software (version 
4.11.14.0). AFGROW is a complex crack growth prediction software originally 
developed for needs of the U.S. Air Force. It contains a library of more than 30 
standard models such as: 
 
• Crack growth from a pin loaded fastener hole 
• Crack growth from a through crack (both edge crack and internal 
crack options are available 
• Crack growth in lugs, rods, pipes etc. 
 
The analysis is performed using standard models. Each model has its own 
stress intensity factor solution. It is however very unlikely that this stress 
intensity factor solution will be the same as the SIF solution found on a real 
airframe part. For these cases a so called Beta correction functionality is 
available in AFGROW. It allows the user to change the SIF factor solution so 
that the real geometry and loading conditions are accounted for: 
 훽푅퐸퐴퐿 = 훽푐표푟 푟훽퐴퐹퐺푅푂푊  
 
where βREAL is obtained from FE solution and βAFGROW is the standard 
software solution. These two parameters are known and the correction βcorr can 
be thus easily calculated: 
훽푐표푟푟 = 훽푅퐸퐴퐿훽퐴퐹퐺푅푂푊  
 






















Crack length a [mm]







Fig 60. Example of βcorr determination 
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Another important concern is the load transfer effect, i.e. the effect of a 
pin loaded hole. This significantly increases β function (by order of 100 for a/r 
close to 0) in the vicinity of the crack. Many experimental studies were 
performed in the past to describe this phenomenon. A comparison of them can 
be seen below. 
 
 
Fig 61. Contribution of load transfer effect to β function values [14] 
 
A built-in feature exists in AFGROW software to account for the load 
transfer effect. The force acting on the fastener is inserted by means of Bearing 
Stress Ratio (BSR). The procedure of calculation of BSR is shown below: 
 
• First of all, the total gross remote stress is calculated 
 
휎푇퐺푅 = 휎푇퐸푁푆퐼푂푁 + 푃푊푡 
 
where P is the pin load, W is width of the part and t is the thickness 
of the part 
• Afterwards, tensile stress ratio TSR and bearing stress ratio BSR are 
obtained: 푇푆푅 = 휎푇퐸푁푆퐼푂푁휎푇퐺푅  




where D is the loaded hole diameter 
 
These values are subsequently inserted into AFGROW dialog box. 
Last but not least, FASTRAN retardation model settings should be 
reviewed. The theoretical background was introduced in Subchapter 3. 7. 2. The 
practical side of the problem lies in determining the flat-to-slant transition 
parameters. 
Although an experimental determining of these parameters is the most 
desirable way how to solve the problem, there is also an easy analytical 
instrument for first order approximation of flat-to-slant transition. 
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The ∆Keff value characterising the middle of the region – (∆Keff)T may be 
obtained by using the below empirical relation proposed by Newman [18]: 
 (∆퐾푒푓푓 )푇 =  0,5휎0√푡 
 
where σ0 is the flow stress (average of yield and ultimate strength). This 




Fig 62. Flat-to-slant transition region [18] 
 
The boundary values (da/dN)H  and (da/dN)L  are subsequently calculated. 
The following way of calculation is proposed by the author and is based on the 
observation of transition regions of various materials: 
 (푑푎/푑푁)퐻(푑푎/푑푁)퐿 =  10 
 (푑푎/푑푁)퐻 = √10(푑푎/푑푁)푇   
 (푑푎/푑푁)퐿 = (푑푎/푑푁)푇√10  
 
In other words, the boundary values are calculated so that the transition 
value (da/dN)T in logarithmic coordinates lies in the very middle between them. 
This approach is not intended to provide physically sound expression of the 





Besides the da/dN boundaries, the constraint factor (α) values need to be 
established for a particular geometry. In this thesis the values were estimated 
based on literary sources [17] and [18]. 
For 2124-T851 alloy, the range of transition region was measured [12] so the 
values of (da/dN)H  and (da/dN)L were not needed to be calculated. The 
boundary values of the constraint factor were selected to be α = 2,0 and 1,2. 
For 7475-T7351 alloy, the range of transition region was calculated (typical 
thickness of the panel skin is t = 4,45 mm): 
 (∆퐾푒푓푓 )푇 =  0,5휎0√푡 = 0,5 ∙ 452 √0,00445 =  15 푀푃푎√푚 
 
This value corresponds to: 
 (푑푎/푑푁)푇 = 1,8843 ∙ 10−6 푚/푐푦푐푙푒 
 
This subsequently yields: 
 (푑푎/푑푁)퐻 = √10(푑푎/푑푁)푇 = √10 ∙ 1,8843 ∙ 10−6 = 5,96 ∙ 10−6 푚/푐푦푐푙푒  
(푑푎/푑푁)퐿 = (푑푎/푑푁)푇√10 = 1,8843 ∙ 10
−6 √10 =  5,96 ∙ 10−7 푚/푐푦푐푙푒   
 
The boundary values of the constraint factor were selected to be α = 1,8 
and 1,2. 
The results are summarized in the table below. 
 












4. 7 Detectability and inspection program 
Questions of detectability and repeated inspections are both an integral part 
of damage tolerance analyses. These two factors should be major considerations 
in design process since the very beginning. 
The philosophy of determining the repeated inspection program is now briefly 
introduced. Second Subchapter provides an insight in the MSG-3 logic analysis, 
which is used to determine the detectable flaw size. 
4. 7. 1 Inspection threshold and intervals 
Inspection threshold and intervals are established as soon as the critical crack 
length is calculated and the detectable flaw size is known. 
 
Fig 63. On the inspection threshold and intervals 
 
The inspection threshold (start of inspections) is determined below: 
 
푇푇퐻푅퐸푆퐻푂퐿퐷 = 푇퐶푅퐼푇퐼퐶퐴퐿푆퐹1  
 
where SF1 is the pertaining scatter factor, usually equal to 2 for multiple 
load path (MLP) and 3 for single load path (SLP). It is evident that start of 
inspections is not directly linked to detectable flaw size. 
 
The inspection interval is calculated as follows: 
 
∆푇 = 푇퐶푅퐼푇퐼퐶퐴퐿 − 푇퐷퐸푇퐸퐶푇퐴퐵퐿퐸  푆퐹2  
 
where SF2 is the pertaining scatter factor, usually equal to 2 for multiple 
load path (MLP) and 3 for single load path (SLP). 
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4. 7. 2 Detectable flaw size 
The detectable flaw size can be either obtained from a PoD curve or, in case 
of visual inspection, by means of MSG-3 logic. The MSG-3 methodology is 
described below. 
There are three levels of inspection defined in MSG-3 [5]: 
 
• General Visual Inspection (GVI) – this is a visual examination 
that will detect obvious unsatisfactory conditions or discrepancies. 
This level of inspection is made from within touching distance unless 
otherwise specified. It may involve the removal of fillets, fairings, 
access panels or doors, and staging might be necessary to get close to 
the area under inspection. A GVI is normally applicable to a relatively 
large area of structure. This level of inspection is made under normally 
available lighting conditions such as daylight, hangar lighting, 
flashlight or droplight. 
• Detailed Visual Inspection (DET) is an intensive examination of 
a special detail, assembly or installation. Artificial lighting is specified 
if the natural lighting is not adequate. Aids to inspection such as 
mirrors and hand lenses can be used, and surface cleaning may be 
required, including the removal of sealant, if considered necessary. 
• Special Detailed Inspection (SDET) – this is similar to the 
detailed visual inspection, but it is carried out using a special non-
destructive testing (NDT) technique.  
 
Only the first two methods can be used in an MSG-3 logic analysis. One 
example is shown to explain the way how the detectable flaw is obtained. An 
externally inspected integral panel and DET inspection are assumed. 
 
• Access rating – accounts for access to the part. If considering 
external inspection of the panel, the viewing rating is “Clear” and the 
congestion rating also “Clear” resulting in the overall Access 
Rating of 5. 
 
CONGESTED [  ] 1
MODERATE CONGESTED [  ] 2
CLEAR [  ] 3
CONGESTED [  ] 2
MODERATE CONGESTED [  ] 3
CLEAR [  ] 4
CONGESTED [  ] 3
MODERATE CONGESTED [  ] 4
CLEAR [ X ] 5
VIEWING RATING
ACCESS RATING
CLEAR - UNRESTRICTED ACCESS, 






GO TO A HIGHER INSPECTION 
LEVEL
CONGESTION RATING
 NO ACCESS - HIDDEN ITEM OR 
DISTANCE GREATER THAN 3 
METERS
POOR - WHEN THE DISTANCE IS 
1,5 TO 3 METERS
MODERATE - WHEN THE 




Fig 64.  MSG-3: Access rating 
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• Practicality rating – Combines the access rating with the influence 
of the size of the inspected area. For a large integral panel, the 
practicality rating is equal to 3 
 
1 2 3 4 5
LARGE AREA 1 1 1 2 2 3
MEDIUM AREA, 
LARGE FITTING
2 1 2 2 3 3
MEDIUM SIZE 
FITTING
3 1 2 3 4 4
SMALL AREA 
FITTING






Fig 65.  MSG-3: Practicality rating 
 
• Condition rating – accounts for light conditions and surface 
conditions – i.e. if the part is clear or covered with dirt, grease or 
sealant. Concentrated lighting (typical for DET inspection) and clear 
area of the external surface of the panel are selected. Condition 









DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
DIRTY - AREA COVERED BY 





DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
LIGHTING RATING SURFACE RATING
EXTERIOR OF A/C IN 
SHADOW (E. G. LANDING 
GEAR BAY)
EXTERIOR OF A/C IN FULL 




Fig 66. MSG-3: Condition rating 
 
• Basic detectable length can be now obtained by combining 
condition rating and practicality rating. LBAS = 22 mm. 
 
1 2 3 4
1 295 205 145 100
2 205 100 70 50
3 145 70 35 22
4 100 50 15 10



















Fig 67. MSG-3: Basic detectable length 
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• Final detectable crack length is performed by multiplying the 
basic detectable crack LBAS by gauge factor (accounts for thickness of 
the part, thickness of the panel is 4,45 mm and gauge factor is thus 
equal to 1,0) and edge factor (its value depends whether the crack is 
edge or internal). The visible length LVIS is obtained. 
 퐿푉퐼푆 =  푔푎푔푢푔푒 푓푎푐푡표푟 ∙ 푒푑푔푒 푓푎푐푡표푟 ∙  퐿퐵퐴푆  
 
The hidden crack length LH defined in the picture below has to be 
added to LVIS. 
 
 
Fig 68. MSG-3: Hidden crack length [5] 
 
The final detectable crack length of LDET = 30 mm is thus obtained. 
 퐿퐷퐸푇 = 퐿푉퐼푆 + 퐿퐻  
 
 
T < 5 mm 1,00 EDGE 0,5
x 5 mm ≤ T  ≤ 10 mm 1,25 x - - = + =
T > 10 mm 1,50 NOT EDGE 1,0






















5 CRACK GROWTH PREDICTION UNDER 
SIMPLE VA LOADING 
Before the final DT analysis were commenced, a series of tests of crack 
propagation prediction under simple variable amplitude loading (VA) had been 
conducted. These tests consisted of several different load histories: 
 
• loading with an overload (OL) cycle 
• loading with an underload (UL) cycle 
• combination of the above 
 
Prediction without interactions was compared with FASTRAN prediction in 
all cases. Center cracked tension specimen (CCT) was chosen for the evaluation. 
The width of the specimen is W = 200 mm, thickness t = 5 mm and the initial 
flaw size is 2a = 10 mm. 
 
Fig 70. CCT specimen used for evaluation 
 
Furthermore, experimental data for 7475-T7351 alloy [21] were compared 
with FASTRAN prediction. 
5. 1 Definition of VA load histories 
Three different VA load histories were prepared for calculation. They are 
described in the following Subchapters. 
5. 1. 1 Load history with overload (OL) cycle 
This type of loading consists of cycles at two different levels: 
 
• Standard cycle – defined by σmax = 67,5 MPa, σmin = 37,5 MPa 
86 
 
• Overload cycle – σmax = 137 MPa, σmin = 37,5 MPa 
• Frequency of overload: 1 overload per 10, 20 and 50 cycles 
 
 
Fig 71.  Load history with overload (OL) 
5. 1. 2 Load history with underload (UL) cycle 
This type of loading consists of cycles at two different levels: 
 
• Standard cycle – defined by σmax = 67,5 MPa, σmin = 37,5 MPa 
• Underload cycle – σmax = 67,5 MPa, σmin = -20,7 MPa 
• Frequency of underload: 1 underload per 10, 20 and 50 cycles 
 
 
Fig 72. Load history with underload (UL) 
5. 1. 3 Load history with both underload and overload cycle 
This type of loading combines the above load histories: 
 
• Standard cycle – defined by σmax = 67,5 MPa, σmin = 37,5 MPa 
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• Underload cycle – σmax = 67,5 MPa, σmin = -20,7 MPa 
• Overload cycle – σmax = 137 MPa, σmin = 37,5 MPa 
• Frequency of overload/underload: 1 underload per 10, 20 and 50 cycles 
 
 
Fig 73. Load history with underload and overload (UL/OL) 
5. 1. 4 Constant amplitude (CA) loading 
All three types of load cycles (standard cycle, overload and underload cycle) 
had been also used to form constant amplitude loading. The CA calculation was 
then performed both for no interactions model and FASTRAN model. The 
results were compared to confirm they yield similar results. 
5. 2 Prediction results 
The results of crack growth predictions are summarized in the below table. 
All data are graphically presented on the following pages. 
 
Tab 17. Prediction results under simple VA loading 
 
Nnointer NFASTRANNFASTRAN / Nnointer Nnointer NFASTRAN NFASTRAN / Nnointer
10 162 189 144 573 0,891 162 189 175 319 1,081
20 246 462 265 671 1,078 242 312 334 593 1,381
50 419 170 638 113 1,522 356 904 632 554 1,772
10 550 979 370 730 0,673 1 456 723 289 775 0,199
20 642 505 352 878 0,549 1 705 258 275 945 0,162
50 713 688 342 991 0,481 1 988 415 275 552 0,139
10 129 845 126 515 0,974 140 927 167 975 1,192
20 224 109 252 991 1,129 222 674 262 810 1,180
50 401 821 644 870 1,605 344 716 812 406 2,357





































Prediction sensitivity on overload, 2124-T851 alloy
1 OL per 10 cycles - FASTRAN
1 OL per 20 cycles - FASTRAN
1 OL per 50 cycles - FASTRAN
1 OL per 10 cycles - no interactions
1 OL per 20 cycles - no interactions
1 OL per 50 cycles - no interactions
 
 


























Prediction sensitivity on overload, 7475-T7351 alloy
1 OL per 10 cycles - FASTRAN
1 OL per 20 cycles - FASTRAN
1 OL per 50 cycles - FASTRAN
1 OL per 10 cycles - no interactions
1 OL per 20 cycles - no interactions
1 OL per 50 cycles - no interactions
 
 



























Prediction sensitivity on underload, 2124-T851 alloy
1 UL per 10 cycles - FASTRAN
1 UL per 20 cycles - FASTRAN
1 UL per 50 cycles - FASTRAN
1 UL per 10 cycles - no interactions
1 UL per 20 cycles - no interactions
1 UL per 50 cycles - no interactions
 
 


























Prediction sensitivity on underload, 7475-T7351 alloy
1 UL per 10 cycles - FASTRAN
1 UL per 20 cycles - FASTRAN
1 UL per 50 cycles - FASTRAN
1 UL per 10 cycles - no interactions
1 UL per 20 cycles - no interactions
1 UL per 50 cycles - no interactions
 
 



























Prediction sensitivity on UL + OL - 2124-T851 alloy
1 UL/OL per 10 cycles - FASTRAN
1 UL/OL per 20 cycles - FASTRAN
1 UL/OL per 50 cycles - FASTRAN
1 UL/OL per 10 cycles - no interactions
1 UL/OL per 20 cycles - no interactions
1 UL/OL per 50 cycles - no interactions
 


























Prediction sensitivity on UL + OL - 7475-T7351 alloy
1 UL/OL per 10 cycles - FASTRAN
1 UL/OL per 20 cycles - FASTRAN
1 UL/OL per 50 cycles - FASTRAN
1 UL/OL per 10 cycles - no interactions
1 UL/OL per 20 cycles - no interactions
1 UL/OL per 50 cycles - no interactions
 



























Constant amplitude prediction, 2124-T851 alloy
Constant amplitude - standard cycle - FASTRAN
Constant amplitude - overload cycle - FASTRAN
Constant amplitude - underload cycle - FASTRAN
Constant amplitude - standard cycle - no interactions
Constant amplitude - overload cycle - no interactions
Constant amplitude - underload cycle - no interactions
 
 

























Constant amplitude prediction, 7475-T7351 alloy
Constant amplitude - standard cycle - FASTRAN
Constant amplitude - overload cycle - FASTRAN
Constant amplitude - underload cycle - FASTRAN
Constant amplitude - standard cycle - no interactions
Constant amplitude - overload cycle - no interactions
Constant amplitude - underload cycle - no interactions
 
 
Fig 81. Constant amplitude prediction – 7475-T7351 alloy 
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The following conclusions can be drawn from the results of calculation: 
 
• Overload cycle (OL) in general causes crack retardation. Slight 
acceleration may be observed in cases where the density of overload 
cycles is high 
• Underload cycle (UL) causes crack acceleration. This acceleration is 
almost independent on the density of underload for both investigated 
alloys 
• Combination of OL and UL cycle shows results comparable to 
cases where only the OL cycle was applied; crack retardation occurs 
• 7475-T7351 alloy is significantly more prone both to retardation and 
acceleration compared with 2124-T851 alloy 
• Crack growth prediction under CA loading yields similar results both 
if FASTRAN and basic no-interaction models is engaged 
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5. 3 Comparison to experimental data for 7475-T7351 
Experimental data for 7475-T7351 alloy are available in the literature [21]. 
Therefore a comparison to FASTRAN model was carried out. The geometry 
which was tested is a CCT specimen (width W = 180 mm and thickness t = 8 
mm) with a 3-mm starter notch. VA load histories and crack growth lives are 
shown in the figure below. The comparison is summarized in Tab 18 and Fig 83. 
  
Fig 82. Definition of variable amplitude tests [21] 
 
Tab 18. Comparison of experimental data [21] to FASTRAN model  
 
Experiment FASTRAN
1 474 240 533 399 12,47%
2 637 730 644 680 1,09%
3 251 210 242 050 -3,65%
4 409 620 369 385 -9,82%
5 179 320 98 823 -44,89%
6 251 050 174 781 -30,38%
7 253 840 225 184 -11,29%









































Fig 83.  Comparison of experimental data [21] to FASTRAN model  
 
It can be concluded that FASTRAN model yields similar results in 5 of 8 
load types (Load type 1, 2, 3, 4 and 7). In the remainder of load types, the 
FASTRAN prediction is significantly lower than the actual experimental life.  
It is important to note that FASTRAN did not predict markedly higher life 
prediction in none of the tested load types. 
 These findings confirm a well-known fact that each load interaction model is 
suitable only for certain applications. It is therefore necessary to experimentally 
verify the behaviour of the model for the desired application, in this case for the 
L 410 NG airplane. 
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6 CRACK GROWTH CALCULATION. 
RESIDUAL STRENGTH 
Crack growth prediction for the defined Scenarios is conducted in this 
Chapter. Residual strength for each Scenario is also determined and the 
occurrence of the first limit state is calculated. 
This Chapter is therefore divided into several parts; each of them pertains to 
one Scenario and consists of: 
 
• Geometrical arrangement 
o Definition of the scenario 
o Thickness of structural elements 
o Description of rivets in the riveted joint 
• Stress intensity factor solution 
o Stress intensity factor solution for simultaneous crack growth of 
primary and secondary flaw 
• Beta function and correction 
o FEM based Beta function and Beta correction of AFGROW 
solution are included 
• Crack propagation prediction 
o Crack propagation – FASTRAN model 
o Crack propagation – calculation without interactions as a 
reference for comparison with FASTRAN 
• Residual strength 
o Bearing capacity of adjacent riveted joints 
o Stress check of adjacent structural parts 
o Unstable tear 
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6. 1 Scenario 1 
 
 
Fig 84. Geometrical arrangement – Scenario 1 
 
Details of the geometry: 
 
• Thickness of the flange horizontal part: t = 8 mm 
• Thickness of the flange vertical part: t = 6 mm 
• Thickness of the part of the panel adjacent to front spar: t = 4,45 mm 
• Rivets – joint of the panel and flange: 5-mm diameter ONL rivets 
• Rivets – joint of the flange and shear web: 5-mm diameter ONL rivets 
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6. 1. 1 Stress intensity factor solution – Scenario 1 
Tab 19. SIF solution  - flange – Scenario 1 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
1 9,94 6,84 0,0004 3,45
2 13,25 7,16 0,0004 4,46
3 16,54 8,85 0,0007 6,90
4 19,85 11,42 0,0011 8,00
5 23,16 10,37 18,57 0,0030
6 23,16 20,96 17,09 0,0025
7 23,16 34,13 40,83 0,0145
8 23,16 48,30 27,42 0,0065
Step
FLANGE - 1 G LEVEL FLIGHT
not calculated (a < 10 mm)
not calculated (ligament 
failure)
Primary flaw Secondary flaw
 
 
Tab 20. SIF solution  - panel – Scenario 1 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
1 12,82 6,90 0,0004 3,56
2 22,21 8,62 0,0006 7,27
3 30,93 10,85 0,0010 11,10 10,76 0,0010
4 42,16 14,51 0,0018 16,56 13,29 0,0015
5 52,01 22,10 21,48 0,0040
6 52,01 28,23 22,78 0,0045
7 52,01 40,52 28,13 0,0069
8 52,01 55,20 30,72 0,0082
not calculated (a < 10 mm)
not calculated (ligament 
failure)
PANEL - 1 G LEVEL FLIGHT
Step
Primary flaw Secondary flaw
  
 
Tab 21. SIF solution  - panel – Scenario 1 – continued 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
9 65,00 35,13 0,0107 19 225,00 44,72 0,0174
10 82,00 35,53 0,0110 20 241,00 43,66 0,0166
11 97,00 34,70 0,0105 21 257,00 41,00 0,0146
12 113,00 42,36 0,0156 22 273,00 40,17 0,0140
13 128,00 41,34 0,0149 23 289,00 48,73 0,0207
14 144,00 40,86 0,0145 24 304,00 48,88 0,0208
15 161,00 40,41 0,0142 25 321,00 48,60 0,0205
16 177,00 37,75 0,0124 26 337,00 45,00 0,0176
17 193,00 41,99 0,0153 27 353,00 43,81 0,0167
18 209,00 45,44 0,0180 28 369,00 57,13 0,0284
PANEL - 1 G LEVEL FLIGHT - CONTD.
Step





6. 1. 2 Beta function – Scenario 1 
 
Tab 22. Beta function and correction – Scenario 1, flange, primary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
1,27 N/A N/A 1,321 1,000 1,321
3,00 N/A N/A 1,177 1,000 1,177
9,94 6,84 0,81 1,003 0,804 0,806
13,25 7,16 0,73 0,969 0,754 0,731
16,54 8,85 0,81 1,046 0,773 0,809
19,85 11,42 0,95 1,192 0,800 0,953
22,50 N/A N/A 2,000 1,000 2,000
βcorr [-]























Crack length a [mm]






Fig 85.  Beta function and correction – Scenario 1, flange, primary flaw 
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Tab 23. Beta function and correction – Scenario 1, flange, secondary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β  [-]
0,13 N/A N/A 1,963 1,000 1,963
5,00 N/A N/A 1,068 1,000 1,068
10,37 10,37 1,20 0,899 1,331 1,197
20,96 20,96 1,70 0,845 2,014 1,702
34,13 34,13 2,17 1,137 1,909 2,171
48,30 48,30 2,58 1,975 1,308 2,583
βcorr [-]





















Crack length a [mm]







Fig 86. Beta function and correction – Scenario 1, flange, secondary flaw 
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Tab 24.  Beta function and correction – Scenario 1, panel, primary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
1,27 N/A N/A 1,358 1,000 1,358
3,00 N/A N/A 1,296 1,000 1,296
12,82 6,90 0,69 0,862 0,797 0,687
22,21 8,62 0,65 0,808 0,808 0,653
30,93 10,85 0,70 0,838 0,831 0,696
42,16 14,51 0,80 0,883 0,902 0,797
48,00 N/A N/A 1,580 1,000 1,580
βcorr [-]
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Fig 87.  Beta function and correction – Scenario 1, panel, primary flaw 
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Tab 25. Beta function and correction – Scenario 1, panel, secondary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
0,13 N/A N/A 2,030 1,000 2,030
3,00 N/A N/A 1,239 1,000 1,239
11,10 10,76 1,15 0,894 1,289 1,152
16,56 13,29 1,17 0,853 1,366 1,165
22,10 21,48 1,63 0,821 1,986 1,630
28,23 22,78 1,53 0,803 1,905 1,530
40,52 28,13 1,58 0,789 1,998 1,577
55,20 30,72 1,48 0,790 1,867 1,475
65,00 35,13 1,55 0,793 1,960 1,555
82,00 35,53 1,40 0,803 1,743 1,400
97,00 34,70 1,26 0,814 1,544 1,257
113,00 42,36 1,42 0,829 1,715 1,422
128,00 41,34 1,30 0,846 1,542 1,304
141,00 41,34 1,24 0,871 1,426 1,242
157,00 40,86 1,16 0,877 1,327 1,164
βcorr [-]
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Fig 88. Beta function and correction – Scenario 1, panel, secondary flaw 
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6. 1. 4 Residual strength 
a) Residual strength of the riveted joint 
 
Residual strength of the following riveted joints was evaluated: 
 
• Riveted joint connecting the panel and the flange 
• Riveted joint connecting the joint and the shear web 
 
Both configurations were evaluated for three different states: 
 
• After 50 000 flight hours 
• After 55 000 flight hours 
• After 60 000 flight hours 
 
The limit state is characterised by exceeding the bearing capacity of the used 
rivets. The limit state occurs after 50 000 flight hours. 
The results are summarised in the below plots. It can be also seen that the 
force on the riveted joint rises very sharply as the crack propagates further 
down the panel. 

















































































































Fig 96. Riveted joint loading, Scenario 1, state after 60 000 flight hours 
 
b) Stress check of adjacent structural parts 
 
Tab 26. Stress check of adjacent structural parts – Scenario 1 
a RF a RF
mm MPa MPa - mm MPa MPa -
50,00 59,40 194,12 2,30 31,00 58,20 190,20 2,34
65,00 68,10 222,55 2,00 49,00 60,30 197,06 2,26
82,00 99,00 323,54 1,38 65,80 62,70 204,91 2,18
97,00 53,40 174,51 2,56 81,50 64,90 212,10 2,10
113,00 66,90 218,63 2,04 97,40 67,10 219,29 2,03
128,00 73,00 238,57 1,87 112,84 70,40 230,07 1,94
144,00 84,50 276,15 1,62 128,55 73,10 238,89 1,87
161,00 108,70 355,24 1,26 144,88 75,70 247,39 1,80
177,00 40,40 132,03 3,38 179,20 78,14 255,36 1,75
193,00 48,20 157,52 2,83
STRESS IN WEB
NOT ANALYSED DUE TO AN 
EARLIER OCCURENCE OF 
ANOTHER LIMIT STATE
NOT ANALYSED DUE TO AN 
EARLIER OCCURENCE OF 
ANOTHER LIMIT STATE
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ac(unstable tear) = 296 mm
 
 
























ac(unstable tear) = 19 mm
 
 
Fig 98. Unstable tear in the flange, Scenario 1 
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d) Summary of limit states 
 
Three limit states have been established in the analysis: 
 
• Riveted joint overloading – after 50 000 flight hours 
• Unstable tear of the flange – acrit = 19 mm, this crack length is equal 
to state after 52 000 hours 
• Unstable tear of the panel, acrit = 296 mm 
 
The most critical limit state (the first one at which the structure is estimated 
to lose its limit load carrying capability) is therefore riveted joint 




6. 2 Scenario 2 
 
 
Fig 99. Geometrical arrangement – Scenario 2 
 
Details of the geometry: 
 
• Thickness of the flange horizontal part: t = 8 mm 
• Thickness of the flange vertical part: t = 6 mm 
• Thickness of the part of the panel adjacent to front spar: t = 4,45 mm 
• Rivets – joint of the panel and flange: 5-mm diameter ONL rivets 
• Rivets – joint of the flange and shear web: 5-mm diameter ONL rivets 
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6. 2. 1 Stress intensity factor solution – Scenario 2 
Tab 27. SIF solution  - flange – 1 g level flight (LC 030) 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
1 6,63 3,32
2 13,26 9,98 11,40 0,0011
3 13,26 16,69 18,29 0,0029
4 13,26 23,39 18,82 0,0031
5 13,26 33,31 22,65 0,0045
6 13,26 47,69 39,59 0,0136
7 13,26 61,30
8 13,26 61,30
not calculated (ligament failure)
not calculated (a < 10 mm)
not calculated (ligament failure)
FLANGE - 1 G LEVEL FLIGHT
Step
Primary flaw Secondary flaw
 
 
Tab 28. SIF solution  - panel – 1 g level flight (LC 030) 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
1 14,60 7,30 0,0005 4,49
2 25,97 15,27 0,0020 8,92
3 34,20 12,62 18,34 0,0029
4 34,20 18,55 18,85 0,0031
5 34,20 23,10 20,55 0,0037
6 34,20 28,85 27,89 0,0068
7 34,20 38,34 26,29 0,0060
8 34,20 51,20 26,54 0,0061
Step
Primary flaw Secondary flaw
not calculated (a < 10 mm)
not calculated (ligament failure)
PANEL - 1 G LEVEL FLIGHT
 
 
Tab 29. SIF solution  - panel – 1 g level flight (LC 030) – continued 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
9 63,00 34,00 0,0101 20 238,00 44,72 0,0174
10 78,00 35,13 0,0107 21 254,00 43,66 0,0166
11 95,00 35,53 0,0110 22 270,00 41,00 0,0146
12 110,00 34,70 0,0105 23 286,00 40,17 0,0140
13 126,00 42,36 0,0156 24 302,00 48,73 0,0207
14 141,00 41,34 0,0149 25 317,00 48,88 0,0208
15 157,00 40,86 0,0145 26 334,00 48,60 0,0205
16 174,00 40,41 0,0142 27 350,00 45,00 0,0176
17 190,00 37,75 0,0124 28 366,00 43,81 0,0167
18 206,00 41,99 0,0153 29 382,00 57,13 0,0284
19 222,00 45,44 0,0180
Step
Secondary flaw - contd.
PANEL - 1 G LEVEL FLIGHT - CONTD.
Step




6. 2. 2 Beta function – Scenario 2 
 
Note: Beta function was only obtained for secondary flaw since the primary 
flaw induced failure shortly after exceeding 10 mm length. 
 
Tab 30. Beta function and correction – Scenario 2, flange, secondary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β  [-]
0,13 N/A N/A 1,980 1,000 1,980
5,00 N/A N/A 1,104 1,250 1,380
9,98 11,40 1,34 0,946 1,420 1,344
16,69 18,29 1,66 0,902 1,845 1,664
23,39 18,82 1,45 0,894 1,617 1,446
33,31 22,65 1,46 0,912 1,599 1,458
47,69 39,59 2,13 1,029 2,071 2,131
61,00 N/A 2,30 1,905 1,207 2,300
βcorr [-]
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Fig 100. Beta function and correction – Scenario 2, flange, secondary flaw 
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Tab 31.  Beta function and correction – Scenario 2, panel, primary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
1,27 N/A N/A 1,360 1,000 1,360
3,00 N/A N/A 1,299 1,000 1,299
14,60 7,30 0,68 0,865 0,788 0,682
25,97 15,27 1,07 0,887 1,205 1,069
35,00 N/A N/A 1,570 1,000 1,570
βcorr [-]
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Fig 101.  Beta function and correction – Scenario 2, panel, primary flaw 
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Tab 32. Beta function and correction – Scenario 2, panel, secondary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
0,13 N/A N/A 2,057 1,000 2,057
3,00 N/A N/A 1,272 1,000 1,272
12,62 18,34 1,84 0,899 2,048 1,842
18,55 18,85 1,56 0,852 1,833 1,562
23,10 20,55 1,53 0,831 1,835 1,526
28,85 27,89 1,85 0,818 2,264 1,853
38,34 26,29 1,52 0,808 1,875 1,515
51,20 26,54 1,32 0,811 1,631 1,323
63,00 34,00 1,53 0,818 1,869 1,528
78,00 35,13 1,42 0,829 1,711 1,419
95,00 35,53 1,30 0,845 1,538 1,301
110,00 34,70 1,18 0,859 1,374 1,181
126,00 42,36 1,35 0,876 1,538 1,347
141,00 41,34 1,24 0,891 1,395 1,242
157,00 40,86 1,16 0,903 1,289 1,164
βcorr [-]
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Fig 102. Beta function and correction – Scenario 2, panel, secondary flaw 
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Fig 106. Crack growth – panel, Scenario 2, no interactions 
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6. 2. 4 Residual strength 
a) Residual strength of the riveted joint 
 
Residual strength of the following riveted joints was evaluated: 
 
• Riveted joint connecting the panel and the flange 
• Riveted joint connecting the joint and the shear web 
 
Both configurations were evaluated for three different states: 
 
• After 47 000 flight hours 
• After 52 000 flight hours 
• After 54 000 flight hours 
 
The limit state is characterised by exceeding the bearing capacity of the used 
rivets. The limit state occurs after 47 000 flight hours. 
The results are summarised in the below plots. It can be also seen that the 
force on the riveted joint rises very sharply as the crack propagates further 
down the panel. 

















































































































Fig 110. Riveted joint loading, Scenario 2, state after 54 000 flight hours 
 
b) Stress check of adjacent structural parts 
 
Tab 33. Stress check of adjacent structural parts – Scenario 2 
a RF a RF
mm MPa MPa - mm MPa MPa -
63,00 59,40 194,12 2,30 44,00 58,20 190,20 2,34
78,00 68,10 222,55 2,00 62,00 60,30 197,06 2,26
95,00 99,00 323,54 1,38 78,80 62,70 204,91 2,18
110,00 53,40 174,51 2,56 94,50 64,90 212,10 2,10
126,00 66,90 218,63 2,04 110,40 67,10 219,29 2,03
141,00 73,00 238,57 1,87 125,84 70,40 230,07 1,94
157,00 84,50 276,15 1,62 141,55 73,10 238,89 1,87
174,00 108,70 355,24 1,26 157,88 75,70 247,39 1,80
190,00 40,40 132,03 3,38 192,20 78,14 255,36 1,75
206,00 48,20 157,52 2,83
STRESS IN WEB
NOT ANALYSED DUE TO AN 
EARLIER OCCURENCE OF 
ANOTHER LIMIT STATE
NOT ANALYSED DUE TO AN 
EARLIER OCCURENCE OF 
ANOTHER LIMIT STATE
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ac(unstable tear) = 257 mm
 
 



















Unstable tear, flange, Scenario 2, 100% limit load
Secondary flaw
R-CURVE, 2124-T851 ALLOY
ac(unstable tear) = 28 mm
 
 
Fig 112. Unstable tear in the flange, Scenario 2 
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d) Summary of limit states 
 
Three limit states have been established in the analysis: 
 
• Riveted joint overloading – after 47 000 flight hours 
• Unstable tear of the flange – acrit = 28 mm, this crack length is equal 
to state after 50 000 hours 
• Unstable tear of the panel, acrit = 257 mm 
 
The most critical limit state (the first one at which the structure is estimated 
to lose its limit load carrying capability) is therefore riveted joint 




6. 3 Scenario 3 
 
 
Fig 113. Geometrical arrangement – Scenario 3 
 
Details of the geometry: 
 
• Thickness of the flange horizontal part: t = 8 mm 
• Thickness of the flange vertical part: t = 6 mm 
• Thickness of the part of the panel adjacent to front spar: t = 4,45 mm 
• Rivets – joint of the panel and flange: 5-mm diameter ONL rivets 
• Rivets – joint of the flange and shear web: 5-mm diameter ONL rivets 
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6. 3. 1 Stress intensity factor solution – Scenario 3 
 
Tab 34. SIF solution  - panel – 1 g level flight (LC 030) 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
1 12,82 6,83 0,0004 3,56
2 22,21 8,54 0,0006 7,27
3 30,93 10,65 0,0010 11,10 10,56 0,0010
4 42,16 14,06 0,0017 16,56 12,92 0,0015
5 52,01 22,10 18,06 0,0028
6 52,01 28,23 18,60 0,0030
7 52,01 40,52 19,59 0,0033
8 52,01 55,20 21,18 0,0039
PANEL - 1 G LEVEL FLIGHT
Step
Primary flaw Secondary flaw
not calculated (a < 10 mm)
not calculated (ligament failure)
 
 
Tab 35. SIF solution  - panel – 1 g level flight (LC 030) – continued 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
9 65,16 30,40 0,0080 19 225,06 40,83 0,0145
10 81,30 30,14 0,0079 20 241,06 39,95 0,0139
11 97,20 29,38 0,0075 21 256,60 38,36 0,0128
12 112,64 36,77 0,0118 22 272,20 38,29 0,0128
13 128,35 36,74 0,0117 23 288,06 45,92 0,0183
14 144,68 36,66 0,0117 24 303,12 46,20 0,0186
15 161,00 35,85 0,0112 25 319,87 45,90 0,0183
16 177,01 34,07 0,0101 26 335,82 43,09 0,0161
17 193,02 40,54 0,0143 27 352,30 43,19 0,0162
18 208,74 41,27 0,0148 28 368,30 54,92 0,0262
PANEL - 1 G LEVEL FLIGHT
Step
Secondary flaw - contd.
Step




6. 3. 2 Beta function – Scenario 3 
 
Tab 36.  Beta function and correction – Scenario 3, panel, primary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
1,27 N/A N/A 1,358 1,000 1,358
3,00 N/A N/A 1,296 1,000 1,296
12,82 6,83 0,68 0,862 0,789 0,681
22,21 8,54 0,65 0,808 0,801 0,647
30,93 10,65 0,68 0,838 0,816 0,683
42,16 14,06 0,80 0,883 0,902 0,797
48,00 N/A N/A 1,580 1,000 1,580
βcorr [-]
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Fig 114.  Beta function and correction – Scenario 3, panel, primary flaw 
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Tab 37. Beta function and correction – Scenario 3, panel, secondary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
0,13 N/A N/A 2,030 1,000 2,030
3,00 N/A N/A 1,239 1,000 1,239
11,10 10,56 1,13 0,894 1,265 1,131
16,56 12,92 1,13 0,853 1,328 1,133
22,10 18,06 1,37 0,821 1,670 1,371
28,23 18,60 1,25 0,803 1,556 1,249
40,52 19,59 1,10 0,789 1,391 1,098
55,20 21,18 1,02 0,790 1,287 1,017
65,16 30,40 1,34 0,793 1,694 1,344
81,30 30,14 1,19 0,803 1,485 1,193
97,20 29,38 1,06 0,814 1,306 1,063
112,64 36,77 1,24 0,829 1,491 1,236
128,35 36,74 1,16 0,846 1,368 1,157
144,68 36,66 1,09 0,871 1,248 1,087
161,00 35,85 1,01 0,877 1,150 1,008
βcorr [-]
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Fig 115. Beta function and correction – Scenario 3, panel, secondary flaw 
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Fig 117. Crack growth – panel, Scenario 3, no interactions 
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6. 3. 4 Residual strength 
a) Residual strength of the riveted joint 
 
Residual strength of the following riveted joints was evaluated: 
 
• Riveted joint connecting the panel and the flange 
• Riveted joint connecting the joint and the shear web 
 
Both configurations were evaluated for three different states: 
 
• After 52 000 flight hours 
• After 54 000 flight hours 
• After 58 000 flight hours 
 
The limit state is characterised by exceeding the bearing capacity of the used 
rivets. The limit state occurs after 52 000 flight hours. 
The results are summarised in the below plots. It can be also seen that the 
force on the riveted joint rises relatively steeply as the crack propagates further 
down the panel. 


















































































































Fig 121. Riveted joint loading, Scenario 3, state after 54 000 flight hours 
 
b) Stress check of adjacent structural parts 
 
Tab 38. Stress check of adjacent structural parts – Scenario 3 
a RF a RF
mm MPa MPa - mm MPa MPa -
101,02 67,53 220,69 1,88 101,02 70,22 229,48 1,94
117,16 77,47 253,17 1,64 117,16 74,91 244,81 1,82
133,30 86,50 282,69 1,46 133,30 79,13 258,60 1,72
149,20 85,12 278,18 1,49 149,20 94,39 308,47 1,45
164,64 52,66 172,09 2,41 164,64 104,30 340,86 1,31
180,35 56,80 185,62 2,23 180,35 109,60 358,18 1,25
196,68 62,55 204,42 2,03 196,68 114,50 374,19 1,19
213,00 72,16 235,82 1,76 213,00 118,50 387,26 1,15
229,01 92,12 301,05 1,38 229,01 122,20 399,35 1,12
245,02 52,24 170,72 2,42 245,02 133,20 435,30 1,02
260,74 136,70 446,74 1,00
STRESS IN STRIGERS
NOT ANALYSED DUE TO AN 
EARLIER OCCURENCE OF 
ANOTHER LIMIT STATE
NOT ANALYSED DUE TO RF < 1
STRESS IN FLANGE
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ac(unstable tear) = 315 mm
 
 




d) Summary of limit states 
 
Three limit states have been established in the analysis: 
 
• Riveted joint overloading – after 52 000 flight hours 
• Spar flange exceeding yield stress - acrit = 260 mm 
• Unstable tear of the panel, acrit = 315 mm 
 
The most critical limit state (the first one at which the structure is estimated 
to lose its limit load carrying capability) is therefore riveted joint 




6. 4 Scenario 4 
 
 
Fig 123. Geometrical arrangement – Scenario 4 
 
Details of the geometry: 
 
• Thickness of the flange horizontal part: t = 8 mm 
• Thickness of the flange vertical part: t = 6 mm 
• Thickness of the part of the panel adjacent to front spar: t = 4,45 mm 
• Rivets – joint of the panel and flange: 5-mm diameter ONL rivets 
• Rivets – joint of the flange and shear web: 5-mm diameter ONL rivets 
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6. 4. 1 Stress intensity factor solution – Scenario 4 
 
Tab 39. SIF solution  - panel – 1 g level flight (LC 030) 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
1 14,60 7,22 0,0005 4,49
2 25,97 10,58 0,0010 8,92
3 34,20 12,62 16,09 0,0023
4 34,20 18,55 16,42 0,0023
5 34,20 23,10 17,42 0,0026
6 34,20 28,85 17,70 0,0027
7 34,20 38,34 18,39 0,0029
8 34,20 51,20 20,33 0,0036
not calculated (a < 10 mm)
not calculated (ligament failure)
PANEL - 1 G LEVEL FLIGHT
Step
Primary flaw Secondary flaw
 
 
Tab 40. SIF solution  - panel – 1 g level flight (LC 030) – continued 
 
a [mm] K [MPa.√m] rpm [mm] a [mm] K [MPa.√m] rpm [mm]
9 62,02 27,52 0,0066 20 238,06 40,83 0,0145
10 78,16 29,42 0,0075 21 254,06 39,95 0,0139
11 94,30 30,14 0,0079 22 269,60 38,36 0,0128
12 110,20 29,38 0,0075 23 285,20 38,29 0,0128
13 125,64 36,77 0,0118 24 301,06 45,92 0,0183
14 141,35 36,74 0,0117 25 316,12 46,20 0,0186
15 157,68 36,66 0,0117 26 332,87 45,90 0,0183
16 174,00 35,85 0,0112 27 348,82 43,09 0,0161
17 190,01 34,07 0,0101 28 365,30 43,19 0,0162
18 206,02 40,54 0,0143 29 381,30 54,92 0,0262
19 221,74 41,27 0,0148
Secondary flaw - contd.
PANEL - 1 G LEVEL FLIGHT
Step





6. 4. 2 Beta function – Scenario 4 
 
Tab 41.  Beta function and correction – Scenario 4, panel, primary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
1,27 N/A N/A 1,360 1,000 1,360
3,00 N/A N/A 1,299 1,000 1,299
14,60 7,22 0,67 0,865 0,779 0,674
25,97 10,58 0,74 0,887 0,835 0,741
35,00 N/A N/A 1,570 1,000 1,570
βcorr [-]






















Crack length a [mm]







Fig 124.  Beta function and correction – Scenario 4, panel, primary flaw 
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Tab 42. Beta function and correction – Scenario 4, panel, secondary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
0,13 N/A N/A 2,057 1,000 2,057
3,00 N/A N/A 1,272 1,000 1,272
12,62 16,09 1,62 0,899 1,797 1,616
18,55 16,42 1,36 0,852 1,596 1,360
23,10 17,42 1,29 0,831 1,556 1,293
28,85 17,70 1,18 0,818 1,437 1,176
38,34 18,39 1,06 0,808 1,312 1,060
51,20 20,33 1,01 0,811 1,250 1,014
62,02 27,52 1,25 0,818 1,525 1,247
78,16 29,42 1,19 0,829 1,432 1,187
94,30 30,14 1,11 0,845 1,310 1,108
110,20 29,38 1,00 0,859 1,163 0,999
125,64 36,77 1,17 0,876 1,337 1,171
141,35 36,74 1,10 0,891 1,238 1,103
157,68 36,66 1,04 0,903 1,154 1,042
βcorr [-]
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Fig 125. Beta function and correction – Scenario 4, panel, secondary flaw 
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Fig 127. Crack growth – panel, Scenario 4, no interactions 
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6. 4. 4 Residual strength 
a) Residual strength of the riveted joint 
 
Residual strength of the following riveted joints was evaluated: 
 
• Riveted joint connecting the panel and the flange 
• Riveted joint connecting the joint and the shear web 
 
Both configurations were evaluated for three different states: 
 
• After 52 000 flight hours 
• After 54 000 flight hours 
• After 58 000 flight hours 
 
The limit state is characterised by exceeding the bearing capacity of the used 
rivets. The limit state occurs after 52 000 flight hours. 
The results are summarised in the below plots. It can be also seen that the 
force on the riveted joint rises relatively steeply as the crack propagates further 
down the panel. 


















































































































Fig 131. Riveted joint loading, Scenario 4, state after 54 000 flight hours 
 
b) Stress check of adjacent structural parts 
 
Tab 43. Stress check of adjacent structural parts – Scenario 4 
a RF a RF
mm MPa MPa - mm MPa MPa -
114,02 67,53 220,69 1,88 114,02 70,22 229,48 1,94
130,16 77,47 253,17 1,64 130,16 74,91 244,81 1,82
146,30 86,50 282,69 1,46 146,30 79,13 258,60 1,72
162,20 85,12 278,18 1,49 162,20 94,39 308,47 1,45
177,64 52,66 172,09 2,41 177,64 104,30 340,86 1,31
193,35 56,80 185,62 2,23 193,35 109,60 358,18 1,25
209,68 62,55 204,42 2,03 209,68 114,50 374,19 1,19
226,00 72,16 235,82 1,76 226,00 118,50 387,26 1,15
242,01 92,12 301,05 1,38 242,01 122,20 399,35 1,12
258,02 52,24 170,72 2,42 258,02 133,20 435,30 1,02
273,74 136,70 446,74 1,00
STRESS IN STRIGERS STRESS IN FLANGE
NOT ANALYSED DUE TO AN 
EARLIER OCCURENCE OF 
ANOTHER LIMIT STATE
NOT ANALYSED DUE TO RF < 1
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ac(unstable tear) = 329 mm
 
 




d) Summary of limit states 
 
Three limit states have been established in the analysis: 
 
• Riveted joint overloading – after 52 000 flight hours 
• Spar flange exceeding yield stress - acrit = 273 mm 
• Unstable tear of the panel, acrit = 329 mm 
 
The most critical limit state (the first one at which the structure is estimated 
to lose its limit load carrying capability) is therefore riveted joint 






6. 5 Scenario 5 
 
 
Fig 133. Geometrical arrangement – Scenario 5 
 
Details of the geometry: 
 
• Thickness of the part of the panel: t = 4,45 mm 
• Thickness of the stringers: t = 6 mm 
 
This Scenario is tested for two bay crack load carrying capability. It means 
that the crack growth calculation is performed until the two bay crack is 
reached. This state is considered critical in terms of inspection intervals and 
thresholds. Residual strength is also checked for the case of presence of the two 
bay crack. 
6. 5. 1 Stress intensity factor solution – Scenario 5 
 
Tab 44. SIF solution  - panel – 1 g level flight (LC 030) 
 
a [mm] K [MPa.√m] rpm [mm]
1 12,77 10,84 0,0010
2 19,16 15,31 0,0020
3 7,96 10,04 0,0009
4 23,90 14,28 0,0018
5 39,80 17,58 0,0027
6 56,70 20,27 0,0036
7 71,62 21,75 0,0041
8 79,58 20,44 0,0036







6. 5. 2 Beta function – Scenario 5 
 
Tab 45.  Beta function and correction – Scenario 5, panel, primary flaw 
 
a [mm] KFEM [MPa√m] βFEM [-] βAFGROW [-] Final β [-]
3,00 N/A N/A 1,000 1,300 1,300
7,96 10,04 1,27 1,000 1,270 1,270
23,90 14,28 1,04 1,002 1,040 1,042
39,80 17,58 0,99 1,006 0,989 0,994
56,70 20,27 0,96 1,012 0,949 0,961
71,62 21,75 0,92 1,020 0,899 0,917
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6. 5. 3 Crack growth – Scenario 5 
Note: Crack growth in the stringer was calculated without load interactions 




















Crack growth - stringer and skin - composite plot, Scenario 5
stringer - no interactions


























Crack growth - stringer, Scenario 5
stringer - no interactions
 
 

























Crack growth - skin, Scenario 5








6. 5. 4 Residual strength 
a) Residual strength of the riveted joint 
 
Residual strength of the following riveted joints was evaluated: 
 
• Riveted joint connecting the panel and the flange 
• Riveted joint connecting the joint and the shear web 
 
Both configurations were evaluated for one limit state: 
 




































Fig 138. Riveted joint loading, Scenario 5, panel with two bay crack 
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b) Stress check of adjacent structural parts 
 
The maximum stress in the adjacent structures is lower than 100 MPa for 1 g 
level flight. Therefore yielding of the material is precluded at limit load. 
 
 
Fig 139. Stress check of adjacent structural parts 
 
c) Unstable tear 
 
Unstable tear will also be precluded due to low values of stress intensity 
factor. 
 
d) Summary of limit states 
 
It can be seen that any of the assumed limit states would occur in the panel 
containing a two bay crack. 
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7 INSPECTION PROGRAMME 
Definition of inspection program is an integral part of damage tolerance 
analysis. In this analysis, the Principal Structural Element (PSE) of bottom 
wing integrally stiffened panel was evaluated. Two SSIs (Significant Structural 
Items) are to be defined in the inspection program: 
 
• SSI 1 – riveted joint connecting the panel and the front spar flange 
• SSI 2 – surface of the panel where no riveting is present 
 
SSI 1 is analysed in Scenarios 1, 2, 3, 4. SSI 2 is analysed in Scenario 5. 
 




7. 1 SSI 1 inspection programme 
First of all, the occurrence of limit states is summarized: 
 
• Scenario 1 – riveted joint failure – Tcrit = 50 000 flight hours 
• Scenario 2 – riveted joint failure – Tcrit = 47 000 flight hours 
• Scenario 3 – riveted joint failure – Tcrit = 52 000 flight hours 
• Scenario 4 – riveted joint failure – Tcrit = 52 000 flight hours 
 
It is evident that Scenario forms the most critical case. MSG-3 analysis is 
employed to determine the detectable flaw size. 
2
CONGESTED [  ] 1
MODERATE CONGESTED [  ] 2
CLEAR [  ] 3 3
CONGESTED [  ] 2
MODERATE CONGESTED [  ] 3
CLEAR [  ] 4 4
CONGESTED [  ] 3
MODERATE CONGESTED [  ] 4




GENERAL VISUAL INSPECTION - GVI [   ] DETAILED VISUAL INSPECTION - DET [ X ]
1
DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
DIRTY - AREA COVERED BY 





DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
LIGHTING RATING SURFACE RATING
EXTERIOR OF A/C IN 
SHADOW (E. G. LANDING 
GEAR BAY)
EXTERIOR OF A/C IN FULL 






CLEAR - UNRESTRICTED ACCESS, 






GO TO A HIGHER INSPECTION 
LEVEL
CONGESTION RATING
 NO ACCESS - HIDDEN ITEM OR 
DISTANCE GREATER THAN 3 
METERS
POOR - WHEN THE DISTANCE IS 
1,5 TO 3 METERS
MODERATE - WHEN THE 
DISTANCE IS 0,5 METER TO 1,5 
METERS CLEAR AREA
1 2 3 4
1 295 205 145 100
2 205 100 70 50
3 145 70 35 22
4 100 50 15 10















CONDITION RATINGBASIC DETECTABLE 
LENGTH LBAS [mm]
1 2 3 4 5
LARGE AREA 1 1 1 2 2 3
MEDIUM AREA, 
LARGE FITTING
2 1 2 2 3 3
MEDIUM SIZE 
FITTING
3 1 2 3 4 4
SMALL AREA 
FITTING




T < 5 mm 1,00 EDGE 0,5
x 5 mm ≤ T  ≤ 10 mm 1,25 x - - = + =
T > 10 mm 1,50 NOT EDGE 1,0

















Fig 141. SSI 1 – detectable flaw size 
 
It can be seen that the detectable flaw size is equal to aDET = 32 mm (the panel 




Inspection threshold is determined as follows (scatter factor SF1 = 3 for 
single load path structure): 
 
푇푇퐻푅퐸푆퐻푂퐿퐷 = 푇퐶푅퐼푇퐼퐶퐴퐿푆퐹1 = 47 0003 = 15 667 푓푙푖푔ℎ푡 ℎ표푢푟푠 > 15 000 ! 
→  푇푇퐻푅퐸푆퐻푂퐿퐷 =  15 000 푓푙푖푔ℎ푡 ℎ표푢푟푠 
 
For the L 410 NG airplane, it was agreed that if the threshold obtained by 
this calculation is greater than 15 000 hours, it is automatically equal to 15 000 
flight hours (one half of DSG). 




























acrit = 75 mm, Tcrit = 47000 hours
 
 
Fig 142. SSI 1 – detectable flaw size and Tdet 
 
It can be seen that Tdet = 32 000 hours. This yields (for scatter factor SF2 = 3) 
the following inspection interval: 
 
∆푇 = 푇퐶푅퐼푇퐼퐶퐴퐿 − 푇퐷퐸푇퐸퐶푇퐴퐵퐿퐸  푆퐹2 = 47 000 − 32 000 3 = 5 000 푓푙푖푔ℎ푡 ℎ표푢푟푠 
 
adet = 32 mm, Tdet = 32000 hours
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7. 2 SSI 2 inspection program 
First of all, the occurrence of limit states is summarized: 
 
• Scenario 5 – two-bay crack – Tcrit = 112 000 flight hours 
 
MSG-3 analysis is employed to determine the detectable flaw size. 
2
CONGESTED [  ] 1
MODERATE CONGESTED [  ] 2
CLEAR [  ] 3 3
CONGESTED [  ] 2
MODERATE CONGESTED [  ] 3
CLEAR [  ] 4 4
CONGESTED [  ] 3
MODERATE CONGESTED [  ] 4




GENERAL VISUAL INSPECTION - GVI [ X ] DETAILED VISUAL INSPECTION - DET [  ]
1
DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
DIRTY - AREA COVERED BY 





DIRTY - AREA COVERED BY 
SEALANT, GREASE OR DIRT
LIGHTING RATING SURFACE RATING
EXTERIOR OF A/C IN 
SHADOW (E. G. LANDING 
GEAR BAY)
EXTERIOR OF A/C IN FULL 






CLEAR - UNRESTRICTED ACCESS, 






GO TO A HIGHER INSPECTION 
LEVEL
CONGESTION RATING
 NO ACCESS - HIDDEN ITEM OR 
DISTANCE GREATER THAN 3 
METERS
POOR - WHEN THE DISTANCE IS 
1,5 TO 3 METERS
MODERATE - WHEN THE 
DISTANCE IS 0,5 METER TO 1,5 
METERS CLEAR AREA
1 2 3 4
1 295 205 145 100
2 205 100 70 50
3 145 70 35 22
4 100 50 15 10















CONDITION RATINGBASIC DETECTABLE 
LENGTH LBAS [mm]
1 2 3 4 5
LARGE AREA 1 1 1 2 2 3
MEDIUM AREA, 
LARGE FITTING
2 1 2 2 3 3
MEDIUM SIZE 
FITTING
3 1 2 3 4 4
SMALL AREA 
FITTING




T < 5 mm 1,00 EDGE 0,5
x 5 mm ≤ T  ≤ 10 mm 1,25 x - - = + =
T > 10 mm 1,50 NOT EDGE 1,0

















Fig 143. SSI 2 – detectable flaw size 
 
It can be seen that the detectable flaw size is equal to aDET = 35 mm (in the 
skin). Start of inspections (inspection threshold) and inspection intervals can be 
determined now. 
Inspection threshold is determined as follows (scatter factor SF1 = 3 for 




푇푇퐻푅퐸푆퐻푂퐿퐷 = 푇퐶푅퐼푇퐼퐶퐴퐿푆퐹1 = 112 0003 = 37 333 푓푙푖푔ℎ푡 ℎ표푢푟푠 > 15 000 ! 
→  푇푇퐻푅퐸푆퐻푂퐿퐷 =  15 000 푓푙푖푔ℎ푡 ℎ표푢푟푠 
 
For the L 410 NG airplane, it was agreed that if the threshold obtained by 
this calculation is greater than 15 000 hours, it is automatically equal to 15 000 
flight hours (one half of DSG). 





















Crack growth - stringer and skin - composite plot, Scenario 5
stringer - no interactions
skin - no interactions
skin - FASTRAN
detectable flaw size
2adet = 35 mm (skin), Tdet =  109 000 hours
 
 
Fig 144. SSI 2 – detectable flaw size and Tdet 
 
It can be seen that Tdet = 109 000 hours. This yields (for scatter factor SF2 = 
3) the following inspection interval: 
 






The Damage tolerance analysis of the L 410 NG wing integral panel between 
sections 103 and 104 was conducted. Before the DT evaluation was commenced, 
FASTRAN retardation model settings were established and tested under simple 
VA loading histories. Experimental data for 7475-T7351 alloy were also 
compared to the results. The results of the numerical prediction showed a good 
agreement with experimental data. 
The damage tolerance evaluation itself was done for 5 different cracking 
scenarios. Two of them were assessed to be critical in terms of losing the 
required residual strength of the wing structure. In case of crack propagation 
from the rivet hole in the joint of the front spar with the panel, the limit state 
is expected to occur after 47 000 flight hours. In case of crack propagation from 
one stringer of the panel, the limit state occurs after 112 000 flight hours. 
Two Significant Structural Items (SSIs) were determined for purposes of 
inspection programme – riveted joint with the front spar and the surface of the 
panel. For the riveted joint, the inspection threshold of 15 000 hours and 
repeated inspection interval of 5000 hours was set up. The required level of 
inspection is detailed visual inspection. For the panel surface, the inspection 
threshold is also 15 000 hours and repeated inspection interval of 1 000 hours. 
The required level of inspection is general visual inspection. 
FASTRAN load interaction model was used for evaluation. As far as aircraft 
certification is concerned, no credit is usually given to retardation unless 
substantiated by test evidence. Based on this fact it is recommended to continue 
with following actions: 
 
• Performing coupon tests in order to obtain FASTRAN retardation 
model settings 
• Performing coupon tests under complex loading sequence in order to 
verify calculation with FASTRAN model 
• Performing component tests under complex loading sequence in order 
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